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PEEPACE. 



The Author, in writing this text-book, has endeavoured to 
meet the wants of both elementary and advanced students, 
and he believes that it will be fonnd to contain all the de- 
scriptive geometry which is nsnally required by engineering 
and architectural draughtsmen. But while making the book 
comprehensive, and illustrating it fully, it has not been made 
of an inconvenient size for use in large classes. 

The treatment of the subject in this work is slightly 
different from that in any existing books. The problems are 
stated in a more comprehensive way, and are made to include 
more oases than is usual with other writers. After the 
statement of the problem follows the general solutiou, which 
is usually given without reference to any particular example. 
Next comes the application of the problem to one or more 
examples. In many cases the sl^ident may not fully under* 
stand the general solution of a problem until he has worked 
out the examples which illustrate it. The advantage of this 
mode of treatment is, that it is more systematic, and enables 
the student to get a more intelligent and comprehensive 
grasp of the subject. After working the examples and 
mastering the general solution of a problem, the student is 
better able to cope with any fresh examples which may come 
before him, than if he had learned the subject from examples 
only. 



I 

VI PREFACE. 

The elementary portion of the subject is treated of in 
Part I., and the more advanced portion in Part II.- 

A great want which the author has found in existing , 

works on descriptive geometry is that of a sufficient number 
of good exercises properly graduated ; he has, therefore, been 
at considerable trouble to collect and devise a large number 
of exercises, and he believes that in no other work of the 
kind will there be found such a good collection. In this 
matter he would record his indebtedness to the examination 
papers published by the Science and Art Department, which 
has done so much to promote the teaching of this and other 
science subjects throughout the country. 

In conclusion, the author would like to impress upon the 
student the necessity of working out all the examples and 
exercises on paper with the drawing instruments, neatly and 
of full size. It is not enough for the student to know how 
a problem is to be solved, he must actually work it out ; 
as very often from the peculiar position of the points, lines, 
or planes, the result is quite different from what he would 
have expected. 

D. A. L. 

Glasgow : November 1883. 
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PART 11. 



CHAPTER X. 

. ADDITIONAL PROBLEMS ON THE STRAIGHT LINE AND PLANE. 

PROBLEM 7Q. 

Tof/nd the angle between a given line and a given plane. 

Determine by Problem 55 the projections o f a line which 
-will pass through any point, pp', in the given line, and be 
perpendicular to the given plane. Find the angle between 
these two intersecting lines by Problem 29. The complement 
of this angle is the angle required. 

. For let the given line meet the given plane at the point 
q q'y and let the perpendicular from pp^ to the plane meet the 
latter at the point r/. Since PR is perpendicular to the 
plane, the angle P R Q will be a right angle and Q R will be 
the projection of P Q on the plane. But the inclination of a 
line to a plane is the angle between the line and its projec- 
tion on the plane. Therefore the angle P Q R is the angle 
between the given line and plane, and the angle P R Q is a 
right angle ; therefore the angle P Q R is the complement of 
the angle Q P R. 

XL B 
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FiQ. 114a. 



PROBLEM 11. 

To find the angle between two given intersecting planes. 

First method. Determine by Problem 55 the projectiono 
of two intersecting lines perpendicular to the given planes, 
one to each. Find by Problem 29 the angle between these 
two perpendiculars. The supplement of this angle is the 
angle between the planes. 

Second method. Let L'MN, L'RN, be the given planes. 
Find ZN, the plan of their intersection. Draw ACB at 

right angles to Z N. With 
centre I and radii I C and 
ZN describe the arcs C C2 
and N N2. Join L'N2 and 
draw C2 P2 perpendicular 
to L'!N'2. Make C Pi equal 
to C2 Pq' ^dm Pi A and 
Pi B. The angle A P, B 
is the angle between the 
planes L'M N and L'R N. 

The theory of this con- 
struction is as follows. AB 
is the horizontal trace of a 
plane which is perpendicular to the line of intersection of 
the given planes. This plane intersects the given planes in 
two KnBs, A P and B P, the angle between which measures the 
angle between the planes. The lines AP, B P, together with 
A B, form a triangle of which A Pi B is the true form. 

Li fig. 114a the points A and B, where the line perpen- 
dicular to Z N meets the horizontal traces of the given planes, 
are on opposite sides of I N, but these points may be on the 
same side of that line, in which case the angle between the 
planes is the supplement of the angle A P, B. In particular 
cases A B may be parallel to either M N or R N ; in these cases 
tho point A or the point B will be at an infinite distance 
from C. 
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PROBLEM 78. 



To draw the traces of a 'plane which shall make a gi/oen angle 
■ with a given plane and contain a given line in it. 

Let L'M N, fig. 114a, be the given plane, and I N the plan of 
the line in it which the other plane is to contain. 

Draw A C perpendicular to Z N, meeting the latter at C, 
and the hori25ontal trace of the given plane at A. With 
centre I and radii I C and I N describe the arcs G Cg and 
NNj. Join L'Ng and draw C2 P2 perpendicular to L'N2. 
Make C Pj equal to Cg Ps* 'Join Pi A, and make the angle 
A P] B equal to the given angle. Join N B, and produce it 
to meet X Y at R. Join Fig. iie. 

L'R. L'R and R N are 
the traces of the plane re- 
quired. 

The theory of this con- 
struction is similar to that 
of the preceding problem, 
and requires no further 
explanation. 




PROBLEM 79, 

To draw the traces of a 
plane which shall make 
a given angle with a 
given plane^ and contain 
a given line not con^ 
tained by the givenplane. 

Let L'M N be the given plane and A B the given line. 
Take any two points, A B, in this line, and consider them 
to be the vertices of two cones whose bases are in the given 
plane, and whose slant sides are inclined to their base3 at the 
given angle. 

It is evident that a plane which touches these two cones 
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will fulfil the conditions of tlie required plane. Also a plane 
which touches these two cones will intersect the given plane 
in a line which will be a tangent to the bases of the cones. 

Rebate the given plane with the circles which are the bases 
of the cones into the horizontal plane. Draw a tangent, 
Ci D, to these circles when in this position. Now rebate the 
plane with the tangent upon it back to its former position. 
The plane WS T, containing the lines A B and C D, is the 
plane required. 



PROBLEM 80. 

To draw the traces of a plane which shall contam a.gvoen pomt^ 
hxwe a given inclination^ a/nd make a gvven angle with a 
given pUme, 

Conceive a cone having its vertex at the given point, its 
base in the horizontal plane, and its slant side inclined to its 
base at the angle which the required plane is to make with 
the horizontal plane. Conceive also a second cone having its 
vertex at the given point, its base in the given plane, and its 
slant side inclined to its base at the angle which the required 
plane is to make with the given plane. 

It is evident that any plane which touches the first cone 
will have an inclination to the horizontal plane equal to that 
which the required plane is to have. Also that any plane 
which touches the second cone will make an angle with the 
given plane equal to that which the required plane is to 
make with it. 

Hence a plane which touches both of these cones will 
fulfil the conditions of the required plane. 

In fig. 116, vv^ is the given point and L'MN the given 
plane, which is assumed to be perpendicular to the vertical 
plane of projection, -y' a' b' is the elevation of the first cone 
and v^c' d' the elevation of the second cone. 

Imagine the surface of the second cone to be produced 
until it cuts the horizontal plane. The curve of section 
(called the horizontal trace of the cone) will be a * conic 
section,' and may be found by Problem 69^ Chapter VIII. 
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The following construction, which is that mentioned on 
p. 96, Part I., slightly modified, is suitable for finding the hori- 
zontal trace of this second cone. Draw R'S perpendicular to 
v' v/, the elevation of the axis of the cone, and meeting X Y 
at S, v' w' at z' and i/ d' at/. With z' as centre and z'f as 
radius describe a circle, and through S draw S H^ perpen- 
dicular to E;'S to meet this circle at H2. Draw S T perpen- 
dicular to X Y to meet the plan of the axis of the cone at T. 

Pig. 116. 




Make T h and T h each equal to S H3 ; ^ and h will be points 
on the horizontal trace of the cone. In like manner any 
number of points on the curve may be found. 

The cone whose axis is vertical will have for its horizontal 
trace its base, which is a circle with a diameter equal to a' h'. 

The horizontal traces of all planes which touch the two 
cones wiU be tangents to the horizontal traces of these cones. 

If the circle which is the horizontal trace of the first cone 
fall entirely outside the curve which is the trace of the other, 
four tangents can be drawn to the two traces, and four planes 
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can be fonnd which will fulfil the given conditions. But if 
the horizontal traces of the cones cut one another, only two 
tangents can be drawn to them, and in that case only two 
planes can be found to fulfil the given conditions. Again, if 
the horizontal trace of one cone touches the horizontal trace 
of the other internally, only one tangent can be drawn to 
them, and in this case there would only be one plane which 
would fulfil the given conditions. Lastly, if the trace of 
one cone falls entirely within the trace of the other without 
touching it the problem is impossible. 

To find the vertical trace of the plane draw v g parallel 
to the horizontal trace, meeting X Y at ^. Di'aw g g' perpen- 
dicular to XY, and through v' draw v'g^ parallel to X Y, 
meeting this perpendicular at g\ The line joining g* with 
the point where the horizontal trace of the plane cuts X Y is 
the required vertical trace. 

If the horizontal trace of the plane does not meet the 
ground line within a convenient distance the vertical trace 
may be found as shown in Gg. 89. 

Note, If the second plane is perpendicular to the first, 
the second cone will become a line perpendicular to the first 
plane, and the horizontal trace of the required plane will 
pass through the horizontal trace of this line and touch the 
base of the first cone. 



PROBLEM 81. 

To draw the projections of a line which shall pass through a 
given point, a/nd meet a given line at a given angle. 

Determine the traces of the plane containing the given 
point (P) and given line (A B). Bebate this plane with the 
point and line upon it into the horizontal plane, as in Chapter 
IX. Let Pi be the rebated position of the point P, and Ay Bj 
the rebated position of the line A B. Through Pj draw a 
line making with A^ B^ an angle equal to the given angle. 
Let this line meet the horizontal trace of the plane at C. 
A line joining C with p, the plan of the given point, js the 
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plan of the line required, and if G d be drawn perpendicalar to 
X Y to meet the latter at c', o' p' will be the elevation required. 

If the line P^ G does not meet the horizontal trace of the 
plane containing the point P and the line A B within a con- 
Y^ient distance, through the point D^ where P| G meets 
A] Bi, draw aline perpendicular to the horizontal trace of the 
plane to meet a 5 at c?. Draw d d! perpendicular to X Y to 
meet a' V at c2' ; p d^ j?' d' are the projections of the line 
required. 

If the given angle be an augle of 0°, 90® or 180°, only one 
line can fulfil the given conditions, but for any other angle 
there will be two lines. 

PROBLEM 82. 

To find the traces of a plane which shall contain a given line 
(A B) and make a given angle vnth another line (G D). 

Determine the projections of a line, EF, which shall be 
parallel to G D and meet A B at any point, E, in it. 

Take E as the vertex and E F as the axis of a cone, whose 
slant side is inclined to its axis at an angle equal to the given 
angle. Find, as in Problem 80, the horizontal trace of this 
cone. A tangent from the horizontal iarace of A B to the 
horizontal trace of the cone will be the horizontal trace 
of the plane required. Having got the horizontal trace of 
the plane, its vertical trace can easily be found, since the 
plane is to contain the line A B. 

If the horizontal trace of AB fall outside the curve 
which is the horizontal trace of the cone, there will be two 
solutions of the problem ; if it fall on the curve there will 
be one solution only, and if it fall inside the curve there can 
be no solution. 

PROBLEM 83. 

To draw the traces of two pla/nes which shall he perpendicular 
to one another and have given inclinations. 

Draw the horizontal trace of one plane at any angle to 
XY (preferably a right angle), and determine the vertical 
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trace by Problem 34. Take any point, P, in this plane (pre- 
ferably in its vertical trace), and determine by Problem 55 a 
line to pass through it and be perpendicular to the plane. 
Find Q, the horizontal trace of this line. Determine also a 
cone having its vertex at P, its base in the horizontal plane, 
and its slant side inclined at the angle which the second plane 
is to make with the horizontal plane. A line through Q to 
touch the base of the cone will be t&e horizontal trace of the 
second plane. The vertical trace of this plane is easily found 
from the condition that the plane is to contain the line P Q. 



PROBLEM 84. 

To d/raw the traces of three planes wMoh are each perpen- 
dieula/r to the other twoy having gwen the inclinations of 
two of the planes. 

Determine by the preceding problem the traces of the 
two planes whose inclinations are given. Next determine 
the line of intersection of these two planes. The third plane 
will be perpendicular to this line ; its traces may therefore be 
determined by Problem 56. 

PROBLEM 85- 

Oiven the plan of three intersecting lines which are each per- 
pendicula/r to the other twOy to determine an elevation of 
them. 

Let oa, ohy oc be the plans of three lines which are 
mutually perpendicular. 

It is evident that each line will be perpendicular to the 
plane containing the other two, and therefore that the plan of 
each will be perpendicular to the horizontal trace of the plane 
of the other two. Also the horizontal traces of the planes 
containing each pair of lines will pass through the horizontal 
traces of these lines. 

It is clear that the form of any elevation of the lines will 
not be affected by the position of the horizontal plane of pro- 



ADDITIONAL PROBLEMS ON STBAIG&T LINE AND PLANE. 9 



Fig. 117. 



jection, so that we may take it at any level. Hence we may 
take any line, a &, perpendicalar to c o as the horizontal trace 
of the plane containing 
ihi lines AOand BO. 
Then a perpendicular 
from b to a o to meet 
c at c will be the hori- 
zontal trace of the plane 
containing B and 
C O ; and ac will be the 
horizontal trace of the 
plane of AOand GO. 

Produce o o to meet 
a 5 atdf, and consider o d 
as the plan of a line 
lying in the plane A B. 
Since CO is perpen- 
dicular to the plane 
AOB, the angle COD 
will be a right angle. 

Conceive the triangle C D to revolve about C D until it 
comes into the horizontal plane. The point will describe 
an arc of a circle whose plan will be a line perpendicular to 
c d, and the point will, when brought into the horizontal 
plane, occupy such a position on this line that lines drawn 
from it to G and D will be at right angles to one another. 

.Hence on cd describe a semicircle to cut the line oOi 
perpendicular to cdf at O^. oOi will be the distance of the 
point O from the horizontal plane containing the points A, B, 
and G. Having got this distance, any elevation whatever of 
the lines can be drawn. In the figure an elevation is shown 
on a ground line, X Y. 
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PEOBLEM 86. 

To determvne the projections of two lines which shall pass 
through two given jpomtSj meet on a given plane, make 
equal a/ngles with thai pla/ne^ a/nd lie in a pla/ne perpen^ 
dicular to it. 

Or, to find a point on a given plane stLch that the svm of its 
distances from two given points shall he the least possible. 

Let P and Q be the given points and L'M N the given 
plane. Determine the projections of a line to pass through 
Q and be perpendicular to the plane, meeting the latter at R. 
Determine the projections of a point, S, in Q R produced, 
such that R S is equal to Q R. Zoin ps, p' ^, and find / if, the 
point where the line P S meets the given plane. 

The lines P T and Q T will lie in a plane perpendicular to 
the given plane and make equal angles with it. Also the 
sum of the distances of the point T frQm the points P and Q 
will be the least possible for anj point in the given plane. 



PROBLEM 87. 

To determine a line which shaU pass through a gioen point and 
meet two given lines. 

Let P be the given point and A B and G D the given lines. 

Fio. 118. 




"First method. Determine the traces of the plane con- 
taining the point P and the line A B ; also the traces of the 
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plane containiiig P and G D. The line of intersection of these 
two planes is the line required. 

Second method. Determine the projections of two lines, 
P K L and P M N, intersecting A B at the points K and M. 
Let these lines meet the vertical plane containing C D at the 
points L and N. The line L N will be the intersection of the 
plane containing P and A B with the vertical plane contain- 
ing C D. Let L N meet C D at Q. P Q is the line required. 



PROBLEM 88. 

Given two straight lines not contained hy the same plane, to 
determine the shortest distance between them and the pro- 
jections of their common perpendicular. 

Let A B and C D be the given lines. Determine by- 
Problem 52 the traces L'M, M N of a plane which shall con- 
tain one of the given lines, say C D, and be parallel to the 
other. Take any point, P, in A B, and draw the projections 
of a line, P Q, which shall be perpendicular to the plane L'M N, 
and meet it at the point Q. The length of P Q is the 
shortest distance between the given lines A B and C D. 

Determine the projections of a line parallel to A B and 
passing through Q (this line will lie in the plane L'M N). 
Let this line meet G D at the point B. Determine the pro- 
jections of a line parallel to PQ, passing through R and 
meeting AB at S. The line RS is the common perpen- 
dicular to A B and G P. 



,1- 



PROBLEM 89. 



To determine the centre and radius of a sphere the surface of 
which shall contain four given points. 

Note, No three of the points must be in the same straight 
line, and if all four lie in the same plane they must lie on 
the circumference of a circle. In the latter case the problem 
is indeterminate, as any number of spheres can be found on 
the surface of which the points will lie. 
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Let A, B, C, and D be tlie given points. Determine by 
Problem 56 a plane bisecting the line A B at right angles. 
Since every point in this plane is equidistant from the points 
A and B it must contain the centre of the sphere. In like 
manner the centre of the sphere must lie in the planes 
bisecting B C and G D at right angles. Therefore the point 
of intersection of three planes must be the centre required, 
and the distance of this point from any one of the given 
points will be the radius of the sphere. 

As there are four given points, six lines can be got by 
joining them, and the point of intersection of three planes 
bisecting at right angles cmy three of these six lines not lying 
m the same plane will be the centre of the sphere. 

EXERCISES. 

1. Explain what is meant by the angle between a line and 
a plane, and the angle between two planes. How are these 
angles measured? What is the nanie given to the angle 
between two planes P 

2. The vertical and horizontal traces of a plane make 
angles of 50° and 20° respectively with X Y, A horizontal 
line has its plan inclined at 50° to the horizontal trace. 
Determine the angle between the line and the plane. 

3. Find the angle between XY and the plane given in 
the preceding exercise. 

4. On X Y take two points, M R, 2^'^ apart. Make an angle 
R M L' equal to 60° and M R L' equal to 40°. L'M is the 
vertical trace of a plane whose horizontal trace is parallel to 
L'R, and L'R is the vertical trace of a plane whose horizontal 
trace is parallel to L'M. Determine (a) the angle between 
these two planes ; (li) the traces of the plane bisecting the 
angle between these planes. 

5. Two planes are inclined at 50° and 65°; their inter- 
section is inclined at 40°. Determine the angle between 
them. 

6. Draw a triangle, ahe^ah^ 2^', & c = IJ", c a = 3^ ")• 
a & is the plan of a line lying in a plane having a c for its 
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horizontal trace, b c being on the ground line. The elevation 
of A B makes 4n angle of 45® with the gronnd line. Draw 
the traces of a plane to contain A B, and make an angle of 75® 
with the first plane. 

7. A vertical line has its horizontal trace at a point on the 
horizontal trace of a plane which is inclined at 50®. Deter- 
mine the traces of a plane which shall contain the line and 
make an angle of 70® with the plane. 

8. The plan of a horizontal line makes an angle of 35® 
with the horizontal trace of a plane inclined at 40®. The line 
is 1*5'' above the horizontal plane. Show the traces of a 
plane to contain this line and make an angle of 60® with the 
plane. 

9. Explain briefly how you would solve Problem 80 if the 
given point were in the given plane. 

10. Represent by its traces a plane perpendicular to the 
vertical plane and inclined at 40® to the horizontal plane ; 
also a plane making an angle of 70® with this plane, and 
inclined at 75® to the horizontal plane. 

11. Referring to ^g, 103 (Pm^j I.), determine the projec- 
tions of the lines passing through the point pp^, and meeting 
the line a hy a'h' at angles of 60®. 

12. The vertical and horizontal traces of a plane make 
angles of 35® and 30® respectively with X Y. A line, A B, 
lying in this plane has its plan inclined at 30® to X Y. De- 
termine the projections of a line lying in this plane and 
making an angle of 35® with A B. 

13. Determine a line inclined at 33®, lying in a plane 
inclined at 50®. This is the orthographic projection on that 
plane of a line which makes an angle of 40® with it. Deter- 
mine the plan of this latter line and its inclination. 

14. Referring to fig. 103 (Parti.), through ^j' draw p^q^ 
perpendicular to a'fe', and through p draw p q perpendicular 
to a b. Determine the traces of a plane oontainiug the line 
P Q and making with A B an angle of 15®. 

15. Determine the traces of a plane which shall contain 
the point P (fig. 103), make an angle of 20° with A B, and 
have an inclination of 80® to the horizontal plane. 
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16. Two planes at right angles to one another are inclined 
at 50° and 60°. Represent them by their traces. 

17. Determine the traces of three planes which are 
mntnally at right angles, two of them being inclined at 35° 
and 70° respectively. 

18. The traces of a plane both make 45° with X Y. Draw 
the traces of a second plane inclined at 60° to the horizontal 
plane and perpendicular to the first. 

19. oa, oh, oc are the plans of three lines which form a 
solid right angle ; the angle hoa is 130° and the angle aoc 
125°. Draw an elevation of them on a ground line making 
an angle of 75° with o a, 

20. Each of three lines meeting in a point, O, is per pen - 
dicalar to the plane containing the other two ; two of them 
are inclined at 30°, 45°. Show them by a plan and an eleva- 
tion when O is 3'' above the paper and in the plane of the 
elevation. 

21. L'M, the vertical trace of a plane, makes with X Y 
the angle L'M Y = 42°, and the horizontal trace M N makes 
with X Y the angle N M Y = 32°. A point. A, is 1-5" in front 
of the V.P. and 175" above the H.P. Another point, B, is 2" 
in front of the V.P. and 1-5" above the H.P. The line a a' 
cuts X Y at a point 1" from M measured towards Y, and the 
line h h' cuts X Y at a point 2*5" from M measured towards 
Y. Determine the projections of the lines which will pass 
through A and B, meet on the plane L'M N, and make equal 
angles with the plane. 

22. A line making an angle of 35° with X Y and meeting 
it at the point M is both horizontal and vertical trace of a 
plane. A point, A, has its plan 2^" below and its elevation 1" 
above X Y, a a! passing through the point M. Another point, 
B, has its plan and elevation qoinciding at a point 1" below 
X Y and \^" from the line a a'. Through the points A and 
B draw lines to meet on the plane and make equal angles 
with it. 

23. Two lines are inclined at 30° and 40° ; they are 2" 
apart where they are nearest to one another, and this line of 
2" is inclined at 28°. Show plan and elevation. 
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24. A line, A B, meets X Y at A. The angle h'A Y = 70^ 
and the angle & A Y = 30°. A second line, C D, meets X Y 
at C. The angle dV Y = 60^ and the angle (£ C Y = 70°. 
Show the projections of the common perpendicular to A B 
and C D, and find its length. Make A 0=3''. 

25. State in words how yon would solve the following 
problem. Given the projections of two straight lines and the 
traces of a plane : to draw the projections of a line to inter- 
sect each of the given lines and be perpendicular to the given 
plane. 

26. Determine the projections of the sphere on the surface 
of which the following four points are situated : — A ^" in front 
of the V.P. and 2^" above the H.P. ; B 2" in front of the V.R 
and 2" above the H.P. ; C 2J" in front of the V.P., and V' 
above the fl.P. ; D 1^" in front of the V.P. and 3^" above the 
H.P. The feet of the perpendiculars from &, c, and d onXY 
are ait distances 2", J", and ^" respectively from the foot of 
the perpendicular from a on X Y, all measured in the same 
direction. 

27. The plans of two lines contain an angle of 110°. 
The lines themselves are at right angles, and one of them is 
inclined at 27°. What is the inclination of the other ? 



CHAPTER XL 

PROJECTION OF SOLIDS. 

PROBLEM 90, 

To draw the projections of a solid^ having given the inclinations 
of one /ace, and of a Une in that face. 

The general solution of this problem is well illustrated by 
Example 3. Examples 1 and 2 are simple, and for their 
Bolution do not require the whole of the construction required 
for the general case. 
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Example 1. A riglit prism 2" long has a squa/re o/l^" side 
for its hose. To d/raw a plan of this solid when the base is in^ 
dined at 50°, and one side of this base is inclined at 20°. 

First draw by Problem 71 tbe plan abed, and elevation 
a'Vdd' of the square of 1^" side, which is the base of the 
prism, when its plane is inclined at 50° and one side at 20°. 
From a', b\ c\ and d' draw lines a'e\ b'f, e'^, d'h', 2" long, 
perpendicular to L'M ; these lines will be the elevations of the 

Fig. 119. 




long edges of the prism. From the points «',/, g\ V draw per- 
pendiculars to X Y to meet lines through a, &, c, and d parallel 
to X Y. efg h will be the plan of the upper end of the 
prism, and abed will be the plan of the lower end, while 
the lines a 6, &/, eg, d h, will be the plans of the long edges. 

Example 2. A square pyramid, side of base \\", altitude 
1^", has its base inclined at 60°, and one side of that base in- 
clined a^ 30°. To draw, its projections. 

As in Example 1, first determine by Problem 71 the plan 
ab cd, and elevation alb'dd' of the square which is the base of 
the pyramid when its plane is inclined at 60°, and one side at 
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I 

30®. Next determine the projections ;pp' of the foot of the per- 
pendicular from the vertex of the pyramid on to its base. The 
foot of this perpendicular will in this case be at the centre of 
the base. 

Through p^ draw j9'v' 1^" long and perpendicular to L'M. 
From </ draw v'v perpendicular to XY to meet^'v parallel to 




rmT 




I.' 
I 

« 



X Y at V ; join v with a, &, c, and d ; this completes the plan of 
the pyramid, and if «' be joined with a\ h\ c', and d\ this will 
complete an elevation. 

Of course from this plan and elevation any number of 
elevations may be drawn. 

Example 3. To draw the plan of a rigM Jiexagonal prism 
when one recta/iigul'O/r face is mcUned at 60®, and a long side of 
that face is inclined at 30°. Length of prism 2", base 1" side. 

As in the preceding examples, determine by Problem 71 
the projections abed, ctiydd! of the rectangular face when its 
plane is inclined at 60°, and one long side at 30°. 

n. 
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AiB^CiDj is the rectangular face brought into the hori- 
zontal plane by turning its plane about its horizontal trace. 

From the hexagon e/// complete the plan eigi of the prism 
when resting with its face A B G D on the horizontal plane. 



Fig. 121, 




From ei draw ej 62 perpendicular to X Y. With M as centre 
and M 62 as radius, describe the arc ea'ca' to meet L'M at 63'. 

Draw e^'e' perpendicular to L'M, and equal to the distance 
of ei from Xi Yj. From e' draw e'e perpendicular to X Y to 
meet a line through Cj parallel to X Y at e. 

Proceeding with all the angular points of the prism as 
just explained for the point E, the required plan is obtained. 
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PROBLEM 91. 

To draw the projections of a solid hamng given the inclinations 
of two intersecting Uiies connected with it. 

Determine by Problem 60 the plane' containing the linesr 
whose inclinations are given. Bring this plane with the lines 
. upon it into the horizontal plane by taming it about its hori- 
zontal trace. On these lines thas brought into the horizontal 
plane complete the plan of the solid, and proceed exactly as 
in Problem 90. 

PROBLEM 92. 

Oiven the heights of three points in a solid : to draw its prO' 
jections. 

Determine by Problem 74 the plane containing the three 
points, whose heights are given. Bring this plane with the 
points upon it into the horizontal plane by turning it about 
its horizontal trace. About these points thus brought into 
the horizontal plane complete the plan of the solid, and pro- 
ceed exactly as in Problem 90. 

PROBLEM 93. 

CH/ven the vnclmations of the hase^ and one face of a solid, the hase 
and the face being at right angles to one another : to draw its 
projections. 

First determine L'M N, the plane of the base of the solid, 
M N, the horizontal trace, being perpendicular to X T 

Next determine by Problem 80 a plane, LT N, perpen- 
dicolar to the plane L'M N, and inclined at an angle equal to 
the inclination of the face, which is given. 

Find LN, the line of intersection of these two planes. 

Now bring the plane L'M N with the line L N" upon it into 

the horizontal plane. On the line thus brought into the 

horizontal plane construct the figure, which is the base of 

6he solid, and complete the construction exactly as in Problem 

1)0. 

c2 
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PROBLEM 94 



Oiven the {nclinations of two faces of a solid whidh are not at righi 

angles to one another: to draw the 'projections of the solid. 

Denote the faces whose inclinations are given by A and 
B, A denoting the base if one of the two faces is the base. 

Determine the plane L'M N of the face A, the horizontal 
trace M N being perpendicular to X Y. 

Next determine by Problem 80 a plane, L'P N, having an 
inclination eqnal to that of the face B, and making with the 
plane L'M iN* an angle eqnal to the angle between the feces A 
and B. 

Find the intersection, LN, of these two planes. Now 
bring the plane L'M N, with the line L N npon it, into the 
horizontal plane by tnrning it about its horizontal trace, M N. 

On the line thus broaght into the horizontal plane con* 
struct the figure which forms t>he face A ; that side of the 
face A which is adjacent to the face B being made to coincide 
with the line. The remainder of the construction is exactly 
the same as in Problem 90. 

EXERCISES. 

1. The plane of one face of a cube of 2*75" edge is inclined 
at 50°, and one edge in that plane is inclined at 25°. Draw 
the plan of the solid, and an elevation on a vertical plane 
parallel to a diagonal of the cube. 

2. Draw the plan of a square pyramid (base 2*25" side, 
axis 3'') when its base is inclined at 45° and one edge of that 
base at 30°. 

3. Draw the plan of a square pyramid — side of base 2", 
axis 2y — when the plane of its base is inclined at 40° and 
one diagonal of that base is inclined at 30°. What is the 
inclination of the other diagonal ? 

4. Draw the plan of a cube when the plane containing 
two of its diagonals is inclined at 30° and one of these 
diagonals is inclined at 20°. Edge of cube 2". 

5. A right pyramid 3'^ high has for its base a regular 
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pentagon whose diagonal, A G, is 2*5' '. This base is inclined at 
50°, and A G is inclined at 30°. Draw the plan of the solid, and 
determine the horizontal trace apd inclination of the face YA B. 

6. Draw the plan of an octahedron of 2*5'' edge when the 
plane containing two diagonals is inclined at 50° and one of 
them at 85°. 

7. A right prism has for its ends equilateral triangles of 2" 
side and is 3" long. Draw the plan of the prism when one of 
its sides is inclined at 40° and a long edge of that side at 20°. 

8. Draw the plan of a pentagonal pyramid when one of its 
triangular faces is inclined at 60° and one long edge of that 
face is inclined at 50°. Side of base 1*25'', axis 2*5''. 

9. The plane containing one edge of a tetrahedron and 
bisecting another is inclined at 50°, and the former edge is 
inclined at 30°. Draw the plan of the solid, the e^e being 3''. 

10. The two ends of one edge of a cube are 1'8'' and 2*4" 
respectively above the H. P., and a feice containing that edge is 
inclined at 70°. Draw the plan of the solid. Edge 2*5''. 

11. A square prism (side of base 2", height 2^") has the 
diagonals ot its base inclined at 30° and 45°. Draw its plan. 

12. A prism whose length is 8" has a hexagonal base of 
1*5'' side. Draw a plan of this solid when two adjacent sides 
of the base are inclined at 30° and 20°, and an elevation on 
a vertical plane parallel to that side of the base which is 
inclined at 30°. 

13. The base of a right pyramid is a pentagon of 1*5" side, 
and the axis of the solid is 3" long ; draw its plan when two 
adjacent sides of the base are inclined at 20° and 35°. 

14. A right hexagonal pyramid has two of the diagonals 
of its base inclined at 20° and 30° ; draw its plan. Side of 
base 1*5", axis 2-5". 

15. An octahedron of 3" edge has two of its diagonals 
inclined at 30° and 37°. Draw its plan. 

16. Draw the plan of a cube of 2f' edge when two of its 
diagonals are inclined at 25° and 85°. 

17. One diagonal of an octahedron of 3'^ edge is inclined 
at 30°, and an adjacent edge of the solid at 40°. Draw its plan. 

18. Draw the plan of a pentagonal prism when one edge of 
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the base is inclined at 25° and an adjacent long edge of the solid is 
inclined at 60°. Side of pentagon 1*25". Length of prism 2*6". 

19. A tetrahedron of 3^' edge stands with one corner on 
the horizontal plane, so that the plans of two edges which 
meet at that corner are 1*9" and 1*5" respectively. Draw the 
plan of the solid. 

20. A square of 2-5" side has three comers at 1-7", 2*4/', 
and 3*8" respectively above the horizontal plane. This is 
the base of a right pyramid whose axis is 3*25'^ Draw the 
plan of the solid. 

21. A cube of 2*5'' edge has the planes of two of its faces 
inclined at 50° and 70°. Represent it by a plan and an 
elevation on a plane parallel to a diagonal of the solid. 

22. A prism S'^ long has an equilateral triangle of 2*3'' 
side for its base ; draw its plan and an elevation of it when 
the planes of its base and of one face are equally inclined at 
60° to the H.P. 

23. The plane of one face of a regular tetrahedron (edge 
2*5'') is vertical, that of anotheir face is inclined at 50° to the 
H.P. Show the solid by a plan and elevation. 

24. A right pyramid, having a regular pentagonal base of 
1'' side and a height of 2", lies with the base and one face 
inclined at 50°. Draw its plan. 

25. Draw a rectangle, ahcd (ah = cd = 3^" ; be=ida 
= 1|'') ; a h and c d are the plans of the diagonals of two 
opposite faces of a cube, b c and d a are the plans of two 
edges* Complete the plan of the cube. 



CHAPTER XII. 

ISOMETBIO PROJECTION. 



As the projection of a line only shows its true length when 
the line is parallel to the plane of projection, it is general in 
making ' working ' drawings of an object to arrange the latter 
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60 tlutt as many of its lines as possible are parallel to at least 
one of the co-ordinate planes. The object is then in a ^simple 
position.' 

Now the student will have observed, in working the 
problems in Chapter III. on. the projection of solids in simple 
positions, that the plan or elevation taken separately gave a 
very incomplete idea of the form of the object represented. 
But on coming to Chapter lY. he wonld notice that when the 
solid was tamed over, so that its faces were inclined to the 
plane of projection, a single projection then gave a very fair 
idea of the form of the solid. Thus in fig. 51 the elevation a/ 
shows very well that the solid represented is a square prism. 

In like manner if we were to draw the plan of a house, 
supposing the latter to be, say, hung up by one comer, this 
plan would give a better idea of the form of the house than a 
simple plan and elevation when it was standing on the ground 
with one face parallel to the vertical plane of projection. 

Such a drawing would apparently be open to the following 
objections: (1) If some simple rule cannot be given for 
finding the true lengths of the lines by direct measurement 
from the drawing, the latter would be useless as a ' working ' 
drawing, unless the length of each line were marked in 
figures on the drawing. (2) If the only method of making 
it was by the rules of Chapter lY. its execution would be too 
laborious. 

The object of this chapter is to show how these difficulties 
may be overcome. 

The lengths of the plans of all lines which are inclined at 
the same angle to the horizontal plane will bear the same 
ratio to the true lengths of these lines. Thus all lines which 
are inclined at 60^ will have their plans exactly half the true 
lengths of the lines. 

Now, as most objects of which working drawings have to 
be made have their principal lines parallel to three directions 
which are mutually perpendicular, it is evident that such 
objects may be so placed that their lines will be equally 
inclined to the horizontal plane of projection, and therefore 
their plans will bear the same ratio to their true lengths, and 
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therefore the lines may be measured directly in the plan hj a 
suitable scale ; thus the first difficulty is removed. 

When three lines, which are mutually perpendicular, are 
equally inclined to the horizontal plane, their plans will make 
120° with one another. If therefore the lines of a solid are 
parallel to three lines which are perpendicular to one another, 
their plans will be parallel to three lines or axes which make 
120°. with one another. From this it is clear that the second 
difficulty is also removed. 

When a solid is projected as above, the projection is said 
to be Isometric. 

PROBLEM 95. 

To constmei cm isometric scale. 

Let oa, oby and o c be the plans of three lines meeting at 
O, which are mutually perpendicular ; it is required to find 
the ratio of O A to o a. 

Draw a h perpendicular to o c. On a &, as diameter, de- 
scribe a semicircle cutting o c at Op 0] a is the true length 
of the line of which o a is the plan. The truth of this con- 

Pia. 122. 




fsoT» 



Pia. 123. 
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B 



Ordinary- Scale 



struction will be evident if the student refers to Problem 85 
on the projection of a solid right angle. 

It is evident that the angle aO^o is 45°, and that the 
angle O^ao is 15°. Hence the following qpnstruction for 
drawing an isometric scale. 
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Draw an ordinary scale, A B (fig. 128). At A make the 
angle B A G = IS'', and at B make the angle A B G ss 45''. 
Through the divisions of the scale A B, draw lines parallel to 
B G to meet AG. AG will be the required isometric scale. 

T£ ad and Oid (fig. 122) be denoted by 1, O^a will be 

2 
denoted by >/2, and oa by --— , therefore 

oa _2_ V2' 

Hence the true length of a line is to its isometric projection 
as >/3 is to >/2. 

PROBLEM 96. 

To draw the isometric projection of a rectangular solid. 

Example. A rectangular prism 3" long^ 2^" broad, and 1" 
ihicJe, tffith a panel in the centre of one of its larger faces 2/' 
long, 1^" broad, amd \" deep. 

Fig. 124 shows how to proceed in practice. If one of 
the isometric axes be taken perpendicular to the edge of the 
T-sc[iutre as shown, then the others will make 30° with that 
edge. Hence all lines may be drawn with the 30° set-square. 
The lines ae, bf, Ac, are drawn at right angles to the edge 
of the T-square with the right angle of the set-squai*e, while 
ab, be, <fec., are drawn with the acute angle of the sec-square 
as shown. 

The dimensions of the prism are marked off along the 
lines which make 30° or 90° with the edge of the T-sqiiare. 
Thus a & = 3'', a (2 = 2\", and a e ^ 1'', measwred from the 
isometric scale. 

If we mark off a & =s 3", ad = 2\", and ae = V* from a/n 
ordinary scale, the projection would be of the correct propor- 
tion, but would be that of a solid larger than the real one in 
the ratio of n/3 : ^72. In practice the latter method is pre- 
ferred, since the lines on the drawing can be measured with an 
ordinary drawing scale. 

The upper edges of the panel will be parallel to the edges 
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a h and h c, and the edge nearest to 6 c will be J" from It, 
measwed in a direction ^parallel to ah\ m like manner the 



Pia. 124. 




edge nearest to a & will be y^ from the latter measwed in a 
ddrection jpcvrdlld to h c. Having got the directions of two 
edges of the panel, its projection may be completed in the 
same way as the projection of the prism in which it is cat. 



PROBLEM 97* 

To determine the isometric projection of an olject which is not 
entirely rectangular. 

Strictly speaking an object which is not rectangular, or 
rather which has not each of its lines parallel to some one of 
three directions, cannot have an isometric projection, becanse 
snch a solid cannot be placed so that all its lines are equally 
inclined to the plane of projection. A triangular prism, for 
instance, cannot, strictly speaking, have an isometric projec- 
tion. Now an object may only be in part rectangular. This 
part may be drawn as in the preceding problem, and we 
have now to show how the projection of the object may be 
completed so as to show the non-rectangular part. 

Example 1. A cube of 2'' edge has its top edges heveUed off 
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at cm cmgle of 30°, so that the t(ypface becomes 1" square. To 
d^aw its isometric projection. 

We first draw the complete cube by tbe preceding problem 
aa shown in fig. 125, the top part being dotted. 



Fig. 125. 




Pio. 126. 



-■,ar 
4' 



In the centre of the pi^)jection of the npper face we then 
place the projection of the sqnare of 1'' side. 

The sloping faces will meet the vertical feuses of the cube 
in horizontal lines, whose distance from the top or bottom of 
the cabe will be got from the elevation of it in fig. 126. In 



Fig. 127. 





— ^C^ 



fig. 125 a 5 is made equal to a' 6' in fig. 126. The rest of the 
constmction tvill be evident from an inspection of the figare. 

Example 2. To draw the isometric projection of a right 
hexago^ial prism ; side of hose 1", length 2". 

The hexagonal prism may be divided into two triangnlar 
prisms and a rectangular prism. Fig. 128 shows the base of 
the hexagonal prism, the rectangle a^ di is the base of the 
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rectangiilar prism just mentioned, and the triangles hi C] d^^ 
ai €i fif are the bases of the triangular prisms. We first 
draw the isometric projection ad hi of the rectangular prism. 
Through the middle points n^m of ae and h d draw/c, and 
make wc = Wi Cj and w/= fiifi. Join 6 c, cd, e/, and fa. 
Draw cp parallel to bh, and hp parallel to h c, and joini^A;. 
Draw fq parallel to a^, and gq parallel to af, and join ql. 
This will complete the isometric projection of the prism. But 
it must be remembered that it is only those lines which are 
parallel to an isometric axis, such as a &, /c, hd, orhh^ which 
are isometrically projected, and which can be measured with 
an isometric or with an ordinary scale. Thus & c is not eq,ual 
to a 6, although the lines of which they are the projections 
are really equal. 

Example 3. Fig. 129 is the isometric projection of the 
comer of an Oxford frame. This the student should draw 

PiQ. 129. 




full size to the dimensions marked on the figure. Nothing 
must he copied from the figwre. Only those lines which are 
seen need be shown. The dotted lines are construction lines. 
The student will notice that the object is made up of portions 
of rectangular prisms which intersect each other at right 
angles, and that portions of the edges of these are bevelled off 
like the cube in Example 1. 
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PROBLEM 98. 

To draw the projection of a curved Ivns on the surface of a solid 
which is isometrically projected. 

We will illnstrate this Problem bj the following example. 

Example. A cube of 2" edge has a circle inscribed in each 
of three of its faces ; to draw its isometric projection. 

The isometric projection of the cube may be first drawn. 
Then to draw the projection of any of the circles, which we 
know will be an ellipse, we may proceed in one or other 
of two ways. First, we may determine the projections of a 
number of points on the circle, and then draw a fair curve 
through them. Second, we may determine the axes of the 
ellipse, and then draw the curve by any of the rules for draw- 
ing ellipses. 

Taking the first method, we first draw a square, fig. 130, 
equal to one face of the cube, and on this draw a number of 

PiQ. 181. 



Fig. ISO. 





lines parallel to one side of the square to cut the inscribed 
circle as shown. Also draw a line through the centre at 
right angles to these lines. We then determine the isometric 
projection of these lines as shown in fig. 131, which shows 
this method applied to two of the ciroles. The rest of the 
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constmction is that the distances ap, &g, cr, &c., in fig. 131, 
are made"^ equal to a^ pj, & j qi, Ci ri, &c., respectively, in fig. 130, 
then a &ir carve drawn throngh the points ^qr, &c., de- 
termines the required ellipse. 

If an isometric scale is used, the distances in fig. 131 will 
be measured with that scale, while those in fig. 130 will be 
measured with an ordinary scale. 

1^0 isometric scale has been used in any of the figures of 
this chapter. 

Taking the second method which is shown applied to the 
third circle, the axes of the ellipse lie on the diagonals of the 
projection of the face of the cube. And if an isometric scale 
is used, the major axis mil will be equal to the diameter of the 
circle, and the minor axis hi will be to the major axis as 
^>/3 : 1, i.e. as 1 : n/3. 

A diameter of the ellipse parallel to an isometric axis is 
called an Uometric diameter^ the half of an isometric diameter 
being an isometrio raddtts. 

An isometric diameter of the ellipse is to its major axis as 
the n/2 : n/3. 

Hence we have the proportion :— 
Major axis : isometric diameter: minor axis:: >/3 : >/2 : 1 

or as 1 : ^ : -— , i.e. as 1 : ^ v/6 : J>/3. 

Stating this in another way : If the major axis be denoted 
by 1, the isometric diameter will be denoted by ^>/6 and the 
minor axis by ^n/3. 

Extracting the square root to three places of decimals, 
these expressions become 1, '816 and '677 respectively. 

The above proportion is true whether an isometric scale 
is used or not. 

If an isometric scale is not used, then the major axis of the 
ellipse will be greater than the diameter of the circle, and the ratio 
of the one to the other will be as n/3 : n/2, or as ^%/ 6 : 1. 

Denoting the diameter of the circle by 1, the major axis is 
denoted by ^n/6, the isometric diameter by 1, and the minor 
axis by ^n/2. Extracting the square root, these numbers 
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become, correct to three places of decimals I, 1*224, 1 and 
•707 respectively 

In Axorfietric Projection the three principal lines or axes of 
a rectangular solid are not equally inclined to the plane of 
projection, and although all those lines which are parallel to 
one axis have their projections drawn to the same scale, those 
which are parallel to another axis will have their projections 
drawn to a different scale. Thus in the axometric projection 
of a rectangular box one scale would be required for measuring 
its length, another for its breadth, and a third for its depth. 
These three axometric scales are determined in a manner 
similar to that for the isometric scale shown in figs. 122 and 
123. Of course the angles at A and B, fig. 123, will not 
necessarily be 15° and 45°, but must be found by the con- 
struction shown in fig. 122, t. e. the angle at A ; ^g, 123 must 
be made equal to the angle 0| a o, fig. 122, and the angle B 
equal to the angle a 0^ o. 

It will be observed tbat isometric projection is just a par* 
ticular case of axometric projection. 



EXERCISES. 

1. Six right square prisms IJ" long have their basses 
coinciding with the faces of a cube of f edge. Draw the 
isometric projection of the solid formed. 

2. On each face of a cube of 1'' ed^e stands an equal 
cube. Make an isometric view of the solid formed by these 
seven equal cubes. An isometric scale is not to be used. 

3. A box without a lid has the following dimensions out- 
side—length 6", breadth 4", depth 2J". The sides and 
bottom are ^" thick. Draw an isometric view of the box. 

4. Draw an isometric projection of the steps given in fig. 
57, p 46, Part I. 

5. A sketch with dimensions is given of the pieces for a 
mortice and tenon joint in woodwork (fig. 132). Draw an 
isometric projection of these pieces. Scale ^. 
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6. A wooden box has the following dimensions outside 
when the Ud is shut— length 12", breadth 8", depth 5". The 
depth of the lid outside is If". In the interior of the box 
there is a tray of the same length and breadth as the inside of 

the box, and having a total 
depth of 1", its upper surface 
being :^" above the top edge 
of the box. This tray is 
divided into six equal com- 
partments by one partition 
along its length and two 
across its breadth. The 
wood of which the box is 
made is ^" thick, and all 
the parts of the tray are J" 
thick. Draw an isometric 
projection of the whole when 
the lid is open 90°. Scale 4 inches to the foot. 

7. Draw the isometric projection of a hexagonal prism. 
Side of base li", axis 3". 

8. A square slab 2^" x 2J" x 1" has a hexagonal hole 
through it. The side of the hexagon is 1", and one side is 
parallel to a side of the square. Draw an isometric projection 
of the solid. 

9. Make an isometric projection of the dovecot shown in 
fig. 4, p. 5, Part I., making it three times the size shown. 
Omit the vertical post supporting the cot. 

10. Draw the isometric projection of the solid described in 
Exercise 15, Chapter III. 

11. A small cupboard, having one door, has a height of 
24", a width of 20", and a depth of 12'', outside measurement 
when the door is shut. It stands on four legs, 1^" square and 
3" long. The interior is divided into four equal compartments 
by three shelves, ^" thick. Into the bottom compartment 
there fit two drawers, separated by a vertical partition, ^" 
thick. The thickness of the wood for the drawers is, for the 
front i", for the rest |". The sides, bottom, and back of the 
cupboard are ^' thick. The top is ^' thick and projects ^" at 
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the sides and front (the door being shat). The door is V' 
thick and is stiffened by two cross bars on the inside, 2" 
broad, ^'^ thick and 1^'' shorter than the width of the door. 
The front of the drawers when shut is in the same plane as 
the front of the shelves, which are 1'' behind the outside of 
the door when the latter is shnt. Draw an isometric prqjec- 
iaon of the cnpboard when the door is open 90^, and one drawer 
is abont half out. Make the projection so as to show as much 
of the interior as possible. Scale ^. 

12. An open wooden box is in the form of the frustum of 
a square pyramid standing on the smaller end. The upper or 
larger end is 2 feet square, the lower is 1 foot 3 inches square, 
outside measurement. The depth is 2 feet 3 inches, and the 
thickness of the wood is 2^ inches. Draw its isometrio 
projection. Scale ^. 

13. A circular mass, 2 feet diameter and 4 inches thick, has 
a hole through its centre 8 inches square. Draw its isometric 
projection. Scale ^. 

14. A cylindrical slab, 3" diameter, and 1'' thick, is pene- 
trated by a square prism 3'' long, having a base of 1^'^ side. 
The axes of the solids are in the same straight line and their 
centres coincide. Make an isometric projection of the solids. 

15. An iron stove is in the form of a square prism, 2' 3'' 
high, the top being 1' 9" square. It is supported by four 
1^^ at the comers, 1' long and 2'' square. At the top is a 
circular hole 1' 6'' in diameter, and in the middle of one side 
is a rectangular opening, 1'' high and 9'' wide. Draw an iso- 
metric projection of it. Scale -^jy, 

N.B. — The thickness of the metal may be neglected. 

16. Draw in isometric projection the solid described in 
Exercise 22, Chapter IV. 

iV. Three straight lines meet at a point a, and form with 
one another angles o^ 115°, 120°, and 125°. These are the 
plans of three edges of a cube meeting at the solid angle A. 
Complete the plan of the cube, it having an edge of 3". 

18. Make an axometric projection of the pieces of wood 
shown in the figure to Exercise 5. The projections of the 

11. D 
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horizontal axes to make 110° with the projection of th^ 
vertical axis. 

19. Draw an axometrio projection of the cupboard men* 
tioned in Exercise 11. The projections of the axes to be the 
same as in Exercise 18. 



CHAPTER XIII. 

HORIZONTAL PBOJECTION. 

In Chapter I. it was stated that two projections of an object 
were required to completely represent it. In the preceding 
chapter it has been shown that when the solid is rectangular^ 
and placed in a particular position, one projection is sufficient. 
In the present chapter will be explained another method of 
representing objects by one projection. 

If the plan of a point is given, and also its distance fSrom 
the horizontal plane, the position of the point is fixed. Also 
if the plan of a straight line is given, and the distances of two 
points in it from the horizontal plane, as much is known about 
the line as if a plan and elevation of it had been given. 

In the ' horizontal projection ' of a point, its plan is given, 
and its distance from the horizontal plane stated by a number 
or index ; thus, a^ denotes that the point whose plan is a is at 
a distance 8 units above the horizontal plane. K we wish to 
denote that the point A is 8 units below the horizontal plane, 
we mark the plan thus, a.g. The negative, or minus sign, 
before the index 8 shows that the point A is below the 
horizontal plane. 

A line, A B, is represented in ' horizontal projection ' by its 
plan a h ; the points a and h being indexed to show the heights 
of the points of which they are the plans. 

Scale of Slope, — ^We have already shown that planes mAj 
be represented by their traces on the co-ordinate planes, hx 
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borizontal projection planes are shown by their * scales of 
slope/ 

In fig. 133, a 5 is the scale of slope of the plane L'M N. 
It will be noticed that the scale of slope consists of two 
parallel lines drawn at right 
angles to the horizontal trace of 
the plane, and across these a 
number of eqni-distant lines 
parallel to the horizontal trace 
of the plane, the whole resem- 
bling an ordinary scale. 

The nnmbers on the different 
points of the scale denote the ^^o 

distances of these points &om the horizontal plane. 

It will be noticed that one of the two lines of the scale at 
right angles to M N is thicker than the other — tliat one being 
thicker which is on the left-hand side of a person ascending the 
plane. 

The Unit for the Indices, — In stating the distance of any 
point from the horizontal plane, of course any unit might be 
taken, bnt in all the problems and exercises of this chapter 
the nnit will be -j^th of an inch, unless some other unit is 
given, so that an index 25 denotes that the point is f^ths, i.e. 
2*5'' above the horizontal plane. 

Most of the problems which we have discussed on points, 
lines, and planes, in the preceding chapters, have correspond- 
ing problems in horizontal projection ; but as the principles 
employed in their solution are generally the same in both 
cases, we will make a selection of a few problems only, so as 
to illustrate the method of horizontal projection. 



PROBLEM 99. 

From thefigv/red pVm of a line to detenmne its true lengthy vn- 
cUnation, a/nd horizontal trace, 

a4 &13 is the eiven plan. 

From a and h draw perpendiculars to a 5, and make them 

D2 
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respectively equal to the indices of a and h. The line Ai B^ 
joining the tops of these perpendiculars will have a length 
Pia. 184. equal to the real length of A B. 

The angle between A^ B^ and 
a h will measure the inclination 
ofAB. 

The point where A] B^ meets 
a 5 is the horizontal trace of A B. 
^4 H-5 1 13 The true length and inclina- 

tion of A B may also be found by drawing a perpendicular h P 
equal to the difference between the indices of a and &, and 
joining a with P. In the example shown in the figure, h P 
would be 9 units long. 

It is evident that the index of the horizontal trace of a 
line will be 0. 

If one of the indices should be positive and the other 
negative, the perpendiculars must be drawn on opposite sides 
of ah, 

PROBLEM 100. 

In the figwred plcm of a line^ to determine a poi/ni "having a given 
index ; also the mdex of a gi/ven point, 

a^ &13, fig. 134, is the given plan. 

Proceed as in the preceding problem to determine the line 
Ai Bj. Make h Q equal to the given indtx (in this case 6*5), 
draw Q Gi parallel to a &, and Gi c perpendicular to ah, c is 
the point required. 

To determine the index of a given point, e, we proceed as 
before, and determine the line A] B}. Then draw c Ci per- 
pendicular to a & to meet A^ Bj. The length of cCi is the 
index required. 

PROBLEM 101. 

Through a given point to draw a line parallel to a gvoen line. 
Let a^ &9 be the given line, and c^ the given point. 
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Throngh c draw a line parallel to a h. Make ed =z ah* 
The index of d will be 7 greater than 5, i.e. 12, becanse the 
index of fe is 7 greater than that of a, fiq. iss. 

If we had produced the line c d 
in the opposite direction, making 
ce^ha, then the index of e would 
be 7 less than that of c, because the 
index of a is 7 less than that of h. 
But the index of c is only 5, what then must be the index of 6 ? 
The student wbo is &(*miliar with elementary algebra will at 
once see that the index is —2. This will be clear to anyone 
from the following reasoning : G is 5 units ahove the horizontal 
plane, if therefore the point E is 7 units below G, it must be 
2 units below the horizontal plane, but it iias already been 
stated that distances below the horizontal plane are prefixed 
by the negative or minus sign ; hence the index of a is —2. 

The stadent must be careful to see that the indices on 
both lines increase or decrease together as we move along 
them in the same direction. K this is not attended to, the 
lines will have the same inclination, but will slope in opposite 
directions, and therefore cannot be parallel. 



Pig. 136. 



PROBLEM 102. 
To determine the inclmation of a given jplane. 

Let a & be the scale of slope of the plane. 

Since the long lines of the scale of slope are at right 
angles to the horizontal trace of the plane, it is evident that 
the inclination of these lines 
will be the same as the incli- 
nation of the plane. Hence £^ 
if 5 P be drawn perpendicular f~~ 
to ahf and made equal to the '/y 

difference of the indices of h 
and a, the angle Fah will 
measure the inclination of 
the plane. 
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PROBLEM 103. 

To determine a plane to contain a given pointy a/nd he parallel 
to a given plane, 

hetpi be tbegiyen point, and a h tHe given plane (fig. 136-), 
Since the horizontal traces of parallel planes are parallel 
it is clear that their scales of slope, which are at right angles 
to these traces, must also be parallel. Draw, therefore, the 
long lines cd oi the required scale of slope parallel to ah, and 
in any convenient position. Through p draw a line, p q, at 
right angles to cd, p q will be the plan of a horizontal line 
lying in the required plane, and q will therefore have the same 
index as p, « 

The scale of slope c d must be graduated in the same way 
as a & ; that is to say, the difference of the indices of a given 
length on c i must be equal to the difference of the indices 
on an equal length of a h. 



Fig. 137. 



PROBLEM 104. 

To determine (1) the distance hetween two parallel phmes ; (2) 
a plane parallel to a gvven plams^ a/nd at a given dista/nce 
from it. 

Let a h and c d be the given planes. 

If the traces of these planes be found on a vertical plane 

perpendicular to their horizon- 
tal traces, and therefore par- 
allel to their scales of slope, 
the distance between these 
traces will be the distance 
between the planes. 

For convenience the ver- 
tical plane is taken so as to 
pass through ah, one of the 
scales of slope, so that the 
groand line XY coincides 
with ah. 
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a cf and h V are drawn perpendicular io ah. hh' i& made 
equal to the index of 6, and a c' equal to the index of c. As 
in the example shown in the figure, the index of a is 0, a h' 
is the vertical trace of the plane whose scale of slope is a b, 
and as the other plane is parallel to this one, a line e'd' par- 
allel to a 6' will be its vertical trace on the assumed vertical 
plane. The distance between al/ and c'd^ is the distance 
between the given planes. 

The second part of the problem is so simple as to require 
no explanation beyond the figure. We just notice that two 
planes may be determined — one on each side of the given plane. 



PROBLEM 105. 

To determine the plane containw-g three given povnta. 

Let a, 6, and c be the given points. 

Find a point, d^inah having the same index as c by Problem 
100. c d must be a horizontal line in the plane containing a, 
hf and c; therefore the scale of Fio.iss. 

slope of the plane containing these 
points must be at right angles to 
cdu 

Where cd cuts the scale of 
slope determines a point on it 
having the same index as c or d. 
If through a a line be drawn parallel to cd to meet the scale of 
slope, a point is determined on the latter having the same 
index as a. These two points on the scale of slope having 
been found, the scale may be graduated if required. 



PROBLEM 106. 

In a given plane, to place a line having a given inclination so 
that it shall pass through a given point in the plane. 

Let a & be the given plane, andj? the given point. 
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Through r, any point in the scale of slope, draw rq 
perpendicular to the latter. Draw a 
line, i^Q, in any convenient direction, 
and a line, p P, at right angles to jp Q. 
Make jpP equal to the difference of 
the indices of p and r, and draw P Q, 
making the angle P Qj? equal to the 
given inclination. With centre p, and 
radius p Q, describe an arc catting rqai q, pq ia the line 
required. 

PROBLEM 107. 

To determine the intersection of two given plcmes. 

Let a b and c c^ be the given planes. 

Througb a and b, any two points in the scale of slope a 6, 
draw the lines ap and bq at right angles to ab. Through 
points c and d in cd, having pio.140. 

the same indices as a and &, 
draw lines perpendicular to cd. 

The line ap is the plan of 
a horizontal line lying in the 
plane ab, cp is the plan of 
a horizontal line lying in the 
plane c d, ITow, as these lines 
have the same indices, they 
must be in the same plane ; therefore they will intersect at a 
point of which p is the plan. Therefore p is & point in the 
intersection of the two given planes. In the same way, q is 
a point in the intersection ; therefore the line pqia the inter- 
section of the planes. 

If the scales of slope are parallel, the above construction 
will evidently fail, because the horizontab of both planes will 
be parallel, and therefore never meet. In this case a third 
plane is taken not parallel to either of the given planes, and 
its intersection with each of them found by the rule just given. 
This determines two lines whose intersection with one another 
will be a point in the intersection req.uired. It is evident that 
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the intersection of the given planes will be a horizontal line ; 
therefore a line perpendicular to the given scales of slope 
through the point thus found determines the intersection of 
the given planes. 

If the third plane mentioned above be taken perpendicular 
to the given planes, the plans of its intersections with the latter 
will of course coincide, so that an elevation of them must be 
drawn to determine the point where they meet. This elevation 
is best taken on the third plane itself. 

If the given scales of slope are nearly parallel, so that the 
horizontals of the planes meet at a very acute angle, it is best 
to find two points in the required intersection by the method 
explained for parallel planes — 1.6. by cutting each of the given 
planes by two other planes. 

PROBLEM 108. 

To determine the intersection of a given line and a given pUme, 

Let ah he the given line, and c d the given plane. 

Through any two points, a and h, in the given line, draw the 
parallel lines a r and hq in any convenient direction. Through 
c and d, points on the scale of slope having 
the same indices as a and h, draw the hori- 
zontals c r and d q, meeting the parallels a r < 
and hq 9,t r and q. Join r q. The point 
p where the line r q or rq produced meets 

cd or cd produced is the point where the 3 ' ■ ^ J 

given line meets the given plane. '^"^ ^^ 

The theory of the above construction 
is as follows: — ar and hq are the hori- 
zontals of a plane containing the line a h. 
The line rq ia evidently the intersection -^ 

of this plane with the given plane. The point p is therefore 
a point in both planes and also m ah; therefore it is the inter- 
section required. 

The intersection may also be found by taking an elevation 
of the line and plane on a ground line parallel to the scale of 
slope. 
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PROBLEM 109. 



Through a given pointy to draw a line ]perpendicular to a giom 
plane. 

The plan of a line which is perpendicular to a plane is at 
right angles to the horizontal trace of that plane, and will 
therefore be parallel to its scale of slope. 

To figure the plan of the line (which, of course, passes 
through the figured plan of the point), determine the trace 
of the plane and the elevation of the point on a vertical plane 
parallel to the scale of slope. Through the elevation of the 
point draw a perpendicular to the trace of the plane; this 
perpendicular will be the elevation of the line, and from it 
the plan may be figured. 

PROBLEM 110. 

To determine a pla/ne to contain a given pomty and he perpen- 
d/icula/r to a given line. 

Taking the figured plan of the line for a ground line, 
determine the elevations of the point and line. Through the 
elevation of the point draw a line perpendicular to the elevation 
of the given line. This perpendicular will be the vertical trace 
of the required plane. The scale of slope of the plane will be 
parallel to the given figured plan of the line, and it may be 
graduated from the vertical trace found as above. 

Gontowr lAmss. — The plan of a portion of the earth's sur- 
fece is made to show the form of that surface very clearly, 
by drawing on it the sections of the surface by a series of hori- 
zontal planes, at equal distances from one another. These 
sections are called contour lines. Fig. 142 shows the contoured 
plan of a hill. It is evident that the relative closeness of the 
contour lines shows the relative steepness of the difPerent parts 
of the surface, the surface being steepest where the contour 
lines are closest together. 

It is usual to affix to the contour lines (te a few of them, 
at least) their heights above some fixed horizontal plane. 
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PEOBLEM 111. 

Oiven a surface by its contowred plan, a/nd a plane by its scale 
of slope : to determine the section of the swrfa.ce by the ph/ns. 

Draw the plans of a number of horizontal lines lying in the 
given plane, and having the same indices as the contour lines. 
The points where these lines meet, the contour lines having 

FlO. 143. 




the same indices, are points in the section required. The com- 
plete section is obtained bj drawing a fair curve through the 
points thus obtained. 



EXERCISES. 

1. Draw a triangle a-g &13 Cg ; a 6 = 2^", bc=z 2", c a = 1^". 
Show the figured plans of three lines passing through A, B, 
and C, and parallel to the line joining C with the middle point 
of AB. 

2. Show the scales of slope of two parallel plemes inclined 
at 40^, the distance between the planes being ^". 

3. An equilateral triangle of 2" side has its angular points 
indexed 4, 15, and 1 8. Determine the true form of the triangle 
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of whicli this is the plan, and determine the scale of slope of 
its plane. 

4. The plans of three points, ag, h^ot C30, form a right- 
angled triangle, the lengths of the two sides, a c and h c, con- 
taining the right angle, being 1" and 1*25" respeotivelj. Find 
the true form of the triangle ABO, and its area. 

5. Determine the plan of the circnmscribing circle of a 
triangle, ABO, whose figured plan is a^ ft^s C12 — a6 = 2*8'', 
&c=2-6', ca = l-9". 

6. Three points, whose plans form an equilateral triangle 
of 3" side, have indices 10, 20, and 30. From each point draw 
a line perpendicular to the line joining the other two* 

7. Represent a plane inclined at 38*^, and place in the plane 
a line inclined at 20^. 

8. Determine the scale of slope of the plane containing the 
points given in Exercise 1, and represent a line lying in this 
plane inclined at 26° and passing through the point B. 

9. Bepresent a plane inclined at 40*^ by its scale of slope, 
and two lines lying in this plane, one being inclined at 30° and 
the other at 20°, the lines to' meet at a point whose index is 14. 
Determine the true angle between these lines. 

10. The figured plans of six points, a©, 65, Cjo, di^, 630, As* 
taken in order, form a regular hexagon of 1^" side. Find the 
intersection of the plane containing A, 0, and F, with the plane 
containing B, D, and E, and state its inclination. 

11. An irregular five-faced solid has a square base (3'' side) 
on the horizontal plane. The remaining faces, which slope 
towards the centre of the square, are inclined at 40°, 50°, 60°, 
and 65°. Draw the plan of the solid. 

12. Bepresent by its scale of slope a plane inclined at 60°. 
Also a point 1'' distant from the plane, and 2'^ above the hori- 
zontal plane. Through the point draw a line inclined at 45°, 
and parallel to the plane inclined at 60°. 

13. Draw a figure abed, ah = 1-5", 6 c = 2", cd = 1-4^', 
da =z 1*5", ac^ 2". The points a, h, c, and d are the plans 
of four points whose indices are 7, 26, 10, and 1 7 respectively. 
Determine the plan of the sphere on whose surface the points 
A, B, 0, and D are situated. 
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14. Determine the foot of the perpendicular &om the point 
B (Exercise 13) on the plane of A, C, and D; 

15. Draw a triangle C13.5 rig en-g (cd = l-4", de =2-1'', 
6 c = 2'7'0* G D is one edge, and E one diagonal of a cube. 
Complete the plan of the solid. 

16. Draw a square, a,5 612 c^q d^, of 2" side. Draw the 
figured plan of the common perpendicular to the lines A C 
andBD. 



CHAPTER XIV. 

CUBYfiD SURFACES AND TANGENT PLANES. 

ChneroHon of StMrfaces, — Sur£a.ces may be considered as 
* generated ' by a line, straight or curved, moving in a definite 
manner. Thus a sphere may be generated by the revolution of 
a semicircle about its diameter, and a plane may be generated 
by a straight line moving parallel to itself along a fixed straight 
line. 

The line by the motion of which a surface is generated is 
called the Oeneratrix, or QeneraUng Line^ of that surface. 

A line which serves to constrain or direct the motion of 
the generatrix is called a JKredrix, 

Surfaces of Revolution, — Surfaces which may be generated 
by a line, straight or curved, moving so that any point in it 
is always at the same distance from and in the same plane at 
right angles to a fixed straight line are called 9wrfa,ces of revo^ 
lution. 

The fixed straight line about which the generatrix revolves 
is called the aoBis of the surface. 

Sections of a surface of revolution by planes at right angles 
to the axis are circles. 

Sections by planes containing the axis are called meridian 
sections. 

All meridian sections are exactly alike. 

Examples of Surfaces of BevoluMon, — The sphere, the right> 
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circular cylinder, and the right circular cone, are examples of 
surfaces of revolution, and have been already defined (pp. 26 
and 27, Part I.) 

A Spheroid is a surface generated by an ellipse rotating 
about one of its axes, and is called an Oblate or Prolate 
^Spheroid according as the minor or major axis of the ellipse 
is the axis of revolution. 

The Hyperholoid of Bevolution is generated by a straight 
line revolving about an axis not in the same plane with it. 
The circle described by the common perpendicular to the 
generating line and the axis is sometimes called the collar^ 
and sometimes the throaty of the surface. 

A surfiu>e of revolution may also be generated by a circle 
of constant or of varying diameter, which moves so that its 
plane is perpendicular 'to, and its centre in, the axis, the 
diameter of the circle being regulated by some line, straight 
or curved, such as a meridian section of the surface. 

In the cylinder of revolution the line which regulates the 
diameter of the generating circle is a line parallel to the axis, 
BO that the circle is of constant diameter. 

In the cone the regulating line or directrix is a straight 
line, passing through the vertex of the cone. 

. In the hyperboloid the regulating line is an hyperbola. 

In the spheroid the regulating line is an ellipse. Here we 
may mention that the spheroid is by some writers called an 
ellipsoid ; it is, however, only a particular case of the ellipsoid. 
The complete definition of the ellipsoid is as follows : * — ^ An 
ellipsoid may be generated by the motion of a variable ellipse, 
which moves so that its plane is always parallel to a fixed 
plane, and which changes its form so that its vertices lie in two 
ellipses having a common axis traced on planes perpendicular 
to each other, and to the fixed plane.' 

If the ellipses which direct the moving elHpse were equal, 
the moving ellipse would become a circle, and the sur&ce 
generated would be that of a spheroid. 

IMed Surfaces are such as can be generated by the motion 

* Frost's Solid Geometry, 
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of a straiglit line. They may be divided into two classes — 
Developable Sunfaces and Ttvisted Swfaces, 

Bevehpahle Surfaces, — ^A surface is said to be developable 
when it can be ' folded back on one plane without tearing or 
oreasing at any point.' The generating lines of developable 
sur&ces - move in such a manner that any two of their con- 
eecutive positions are in the same plane.' 

All other ruled surfaces are twisted surfaces. 

Examples of 3uled Surfaces, — The cylinder and cone repre* 
sent the class of developable surfaces. 

As examples of twisted surfaces we have the following :^- 

The Hyperbolic Paraboloid, or Twisted Plane, which is gene- 
rated by a line moving parallel to a fixed plane, and meeting 
two fixed straight lines. If the guiding lines or directrices 
be curved instead of straight, the resulting surface is the 
Twisted Cylinder. 

I'he hyperboloid of revolution is clearly also a twisted 
surface. 

Perhaps the most important twisted surface is the Screw 
StMface, which may be generated by a straight line moving 
with a uniform velocity along a fixed straight line or axis, 
with which it makes a constant angle, and at the same time 
has a uniform motion of rotation about that axis. 

PROBLEM 112. 

To determine a cylinder to en/vehp a given sphere, the direction 
of the axis of the cylinder being given. Also to determine the 
curve of contact of the cylinder and sphere. 

The axis m n, m'n' of the cylinder will pass through o o', 
the centre of the sphere. The curve of contact will be a great 
circle of the sphere contained by a plane passing through its 
centre and perpendicular to the axis of the cylinder. 

The projections of the cylinder will consist of tangents to 
the projections of the sphere parallel to the projections of the 
axis of the cylinder, together with the traces of the surface 
on the planes of projection. Only the horizontal trace of the 
cylinder is shown in the figure. 
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To find the horizontal trace of the cylinder and the plan 
of the circle of contact, we proceed as foDows. Draw an 
elevation of the cylinder and sphere on a vertical plane 
parallel to the axis of the cylinder, taking m n, the plan of 
that axis, for the new ground line, m/n is the new elevation 
of the axis of the cylinder, and Oi that of the centre of the 
sphere. The points a and h, "where the tangents to the circle 

Fig. 143. 




Oi\ parallel to m/^t, meet m n, are the extremities of the major 
axis of the ellipse, which is the horizontal trace of the cylinder. 
The minor axis of this ellipse passes through n (the horizontal 
trace of the axis of the cylinder), and is equal to the diameter 
of the cylinder or sphere. 

The line c/c^/, passing through o/, and perpendicular to 
miTii is the new elevation of the circle of contact. Perpen- 
diculars from Oi and di to mn determine c(2, the minoi; axis 
of the ellipse; which is the plan of the circle of contact.'' The 
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major axis of this ellipse is a diameter of the circle which is 
the plan of the sphere, and is at right angles to mn. 

The elevation of the circle of contact is obtained by taking 
an auxiliary plan of the cylinder and sphere on a plane parallel 
to the axis of the cylinder. The oonstmction is similar to that 
for the plan. 

The Tcrtical trace of the cylinder may also be obtained 
firom the same auxiliary plan. ^ 



> 



PROBLEM 113. 

To determme a cone to envelop a given sphere^ the vertex of the 
cone being given. Also to determine the curve of contact of the 
cone a/nd sphere. 

Take an auxiliary elevation of the cone and sphere on the 
plan of the axis of the cone as a ground line. The points a 
and &, where the tangents from Vi to the circle 0/ meet the 
line V n^ are the extremities of the major axis of the ellipse, 
which is the horizontal trace of the cone. To determine the 
magnitude of the minor axis of this ellipse, which of course 
bisects a & at right angles, and does not pass through the 
horizontal trace of the axis as in the case of the cylinder in 
the preceding problem, we perform the following construction > 
Through/, the middle point of a&, draw/^/ at right angles 
to Vi'n to meet the latter at ^Z, and Vi'h at g^'. With centre 
hx\ and radius h^'gi^ describe the arc ^Ti'K, and draw/K per- 
pendicular to /^/ to meet this arc at K. /K is equal in length 
to the semi-minor axis. 

The theory of the construction just given for finding the 
minor axis of the ellipse, which is the horizontal trace of the 
cone, is that a section of the cone perpendicular to its axis is 
taken by a plane whose trace on the auxiliary elevation is 
/i/^/. The true form of this section is a circle, a portion of 
which is shown turned round into the plane of projection. 
The chord of this cirde drawn through/, perpendicular ^Q 

II. E 
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fg\\ gives the greatest width of the cone at the level of the 
horizontal plane. 

The ellipse, which is the plan of the circle of contact, is 
fonnd as follows, c/el/, the line joining the points of contact 
of the tangents from Vx to the circle o/, is the new elevation 
of the circle of contact. Perpendiculars from c/(2|' to t;n 




determine c (2, the minor axis of the ellippe. The major axis is 
eqnal to the diameter of the circle, and therefore equal to c^di. 
The axes of the ellipse, which is the elevation of the circle 
of contact, are foand by taking an auxiliary plan of the cone 
and sphere in the same manner as for the cylinder and sphere, 
and proceeding in precisely the same way as for the plan. 
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PROBLEM 114. 

To determine the secUoriy by a given jplane^ of a stMfface whose 
mode of generation is known. 

The way in which the stir&ice is generated being known, 
the projections of the generating line in any number of 
positions can be drawn. The intersection of the given plane 
with the generating Une in each of these positions can then 
be determined. This gives a number of points on the inter- 
section of the plane with the surface, and a fair curve through 
these will be the complete intersection. 

When the given surface can be generated in a nxunber of 
different ways, that mode of generation should be made use 
of which has the projections of its generatrices the simplest 
possible. 

The sections of the cylinder and cone worked out in 
Chapter YIII. are examples of this problem. 

PROBLEM 116. 

To determine the intersection of a straight Une with a given surface 
whose mode of generation is knovm. 

Assume a plane to contain the line taking the position of 
the plane so that the projections of its intersection with the 
given surface are as simple as possible. 

The intersection of the line with the intersection of the 
plane and surface will be the intersection required. 

Tangent Fl/jmes. — If through a given point on a surface any 
two lines be drawn on that surface, the plane containing the 
tangents to these lines through the given point is the tangent 
plane to the surface at that point. 

If a straight line can be drawn on the surfisMse through the 
given point, as can be done on aU ruled surfekoes, the tangent 
plane will contain this line. 

The normal to a swrfojce at any point on it is the perpen- 
dicular to the tangent plane at that point. 

b2 
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PROBLEM 116. 

To determins the ta/ngent jplcme to a cone at a given point on Us 
surfobce. 

Let Y denote the vertex of tHe cone, and P the given point 
on its surface. 

Join V P, and produce it, if necessary, to meet the hori- 
zonta] trace of the cone at Q. Through Q draw a tangent to 
the horizontal trace of the cone. This tangent will be the 
horizontal trace of the required plane. Its vertical trace can 
be determined from the condition that the plane contains the 
vertex of the cone. 



PROBLEM 117. 

To determine a tangent plane to a cone through a gvoen poi/nt not 
on the 8urfa>ce of the cone. 

The required plane will contain the line joining the given 
point with the vertex of the cone. The horizontal trace of 
the plane will pass through the horizontal trace of this line. 
Also, if the plane touches the cone, its horizontal trace will be 
a tangent to the horizontal trace of the cone. 

The vertical trace can be determined from the condition 
that the plane contains the given point or the vertex of the 
cone. 

If the horizontal trace of the line joining the given point 
with the vertex of the cone falls outside the horizontal trace 
of the cone, there will be two tangent planes to the cone 
passing through the given point. If the horizontal trace of 
the line falls inside the horizontal trace of the cone, the 
problem is impossible ; and if it fall on the horizontal trace 
of the cone there will only be one plane. The preceding 
problem is just this latter case. 
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PROBLEM 118. 

To determine the tcmgent planes to a given cone which shall he 
parallel to a given straight line. 

Throngh the vertex of the cone draw a line parallel to the 
given line. 67 the construction explained in the preceding 
problem, determine the planes to contain the former line and 
touch the cone. These planes are the planes required. In 
the particular case when the given line is parallel to a gene- 
ratrix of the cone, only one tangent plane can be determined 
parallel to that line. If the line through the vertex parallel 
to the given line fidls within the cone, the problem becomes 
impossible. 



PROBLEM 119. 

To determine the tangent pla/nes to a given cone whose axis is 
inclined which shall have a given inclination. 

Determine a cone having its vertex at the vertex of the 
given cone, its base in the horizontal plane, and its base angle 
equal to the given inclination. The tangent planes to these 
two cones are the planes required. Problem 80, which is 
worked out on p. 4, is practically the same as this one. 

Note, In the preceding problems on tangent planes to the 
cone, we have made use of its horizontal trace only ; but in 
practice it may often be more convenient to take a vertical 
trace of the cone, and first determine the vertical trace of the 
tangent plane, which will be a tangent to the vertical trace 
of the cone. For example, if the base of the cone is circular 
and in a vertical plane, take this vertical plane as one of the 
planes of projection and use the trace of the cone on this 
plane, which trace would be a circle equal to that of the base, 
for determining the tangent plane. 

These remarks also apply to the problems which follow on 
tangent planes to the cylinder. 
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PROBLEM 120. 

To determine the tangent plane to a given cylinder at a given 
point on its surface. 

Draw the generatrix of the cylinder through the given 
point. The tangent plane at the given point must contain 
this line. Prodace this generatrix to meet the trace of the 
cylinder at H. A tangent to the trace at H will be one trace 
of the plane, and the other may be determined from the con- 
dition that the plane contains the given point. 

PROBLEM 121. 

To determine a tangent pUme to a cylinder a/nd passing through 
a given external pomt. 

Through the given point draw a line parallel to the gene- 
ratrices of the given cylinder. Let M be the trace of this 
line. Through M draw a tangent to the trace of the cylinder. 
This tangent will be one trace of the required plane, and the 
other may be found from the condition that the plane con- 
tains the given point. 

PROBLEM 122. 

To determine a tangent plane to a given cylinder which shcdl he 
parallel to a given straight Ivne, 

Let AB be the given line. 

From any point, G, in A B draw G D parallel to the genera- 
trices of the cylinder, and determine the traces L'M, and M^NT 
of the plane containing AB and GD. The plane required 
will be parallel to the plane L'MN. 

A tangent, QR, to the horizontal trace of the cylinder 
parallel to M N wUl be the horizontal trace of the required 
plane, and a line parallel to L'M through the point where 
Q R meets X Y will be its vertical trace. 
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PROBLEM 123. 

To determine the tcmgent jplwne to a given sphere at a given 
point on its siMface, 

Let P be the given point and the centre of the sphere. 
Join OP. A plane through P perpendicular to OP is the 
plane required. 

PROBLEM 124. 

To determine a tcmgent plane to a given sphere which shall 
contain a gi/oen line. 

First Solution, A tangent plane to the sphere containing 
the given Une will be perpendicular to the radius of the sphere 
drawn from the point of contact. Hence this radius will be 
perpendicular to the given line, and therefore lie in a plane 
perpendicular to that line and passing through the centre of 
the sphere. This perpendicular plane will intersect the 
sphere in a great circle, and the tangent plane in a straight 
Ihie, which will be a tangent to that circle. The point of 
contact of this tangent line will be the point where the tan- 
gent plane touches the sphere. 

The point of contact being determined, the tangent plane 
is drawn through that point perpendicular to the radius at 
that point. 

In fig. 145, oo' is the centre of the sphere and a&, aV 
the given line. 

Determine (Problem 56) a pliihne, P'QR, perpendicular to 
a &, a' h\ and containing the centre of the sphere. Find (Pro- 
blem 54) the point ccf where the given line meets this plane. 

Through the centre of the sphere draw a horizontal line, 
S, in the plane P'QR. Let the plane P'QR revolve about 
the horizontal line OS until it becomes horizontal. When 
this is done the great circle which is the section of the sphere 
by the plane P'QR will coincide with the circle which is the 
plan of the sphere. The point 0, after the rotation of the 
plane F'QR about the line S will come to C] ; sCi being 
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equal to the hypotennse of a right-angled triangle whose base 
is eqnal to «c, and perpendicnlar equal to the difference of the 
distances of 8 (or o') and cf &om XT. From G^ draw a 
tangent GiE^ to the circle which is the plan of the sphere ; 
E| being the point of contact. Produce GiEj to meet «o at T. 
Now restore the plane P'QB to its natural position, carry- 
ing with it the tangent line. During this restoration the 
point E| will describe a circle whose plaai will be a straight 

Fig. 145. 




line perpendicular to o«, while T will remain fixed. It is 
evident, therefore, that the line cT will be the indefinite plan 
of the tangent from G to the great circle, which is the section 
of the sphere by the plane P'QB, and the point e where cT 
meets the perpendicular from E| on to o« will be the plan of 
the point of contact^ the elevation of which is easily found. 

A plane through eef perpendicular to oey ofef^ is a tangent 
plane containing ah^ a'h'. 

It is evident that there will be two tangent planes ful- 
filling the given condition. To find the second one, the other 
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taDgent to the circle from Cj is drawn, and the construction 
completed as for the first plane. 

Second Solution. Take a point in the given line, and deter- 
mine by Problem 113 a cone to envelop the sphere and have 
this point for its vertex. A plane containing the given line 
and tonching this cone will also touch the sphere. This 
plane may be determined by Problem 117. 

Iliird Solution. Take two points on the given line and 
consider them as the vertices of two cones enveloping the 
sphere. Determine by Problem 113 the projections of the 
circles of contact of these cones with the sphere. These 
circles of contact intersect at two points, which are the points 
of contact of the tangent planes to the sphere which contain 
the given line. 

By taking the axis of one cone parallel to the vertical 
plane and the axis of the other parallel to the ho2;^ontal plane 
only one ellipse will need to be drawn. 

PROBLEM 125. 

To determine the cones en/veloping two given spheres. 

Two cones can be determined. One has its vertex on the 
line joining the centres of the spheres and lying between 
them; the other has its vertex on the line joiniog the 
centres of the spheres produced beyond the smaller sphere. 
Tangents to the projections of the spheres intersect the pro- 
jections of the line joining their centres at the projections of 
the vertices of the cones. 

PROBLEM 126. 

To determine a tangent plane to two given spheres which shall 
contadn a given point. 

Determine by the preceding problem a cone to envelop 
the given spheres. A plane containing the given point and 
touching this cone will be the required taugent plane, and 
may be found by Problem 117. 
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Another solution is to find the vertex of the enveloping 
cone by the preceding problem, and then determine bj 
Problem 124 a plane to tonch one of the spheres, and contain 
the line joining the vertex of this cone with the given point. 

In general, f onr tangent planes to the two spheres may be 
found containing the given point. 



PROBLEM 127. 

To dstermine a tangent plane to three gwen spheres. 

Determine the vertex of a cone enveloping two of the 
spheres, also the vertex of a cone enveloping any other two. 
A plane containing these two vertices and teaching one of 
the spheres will abo tonch the other two. 

Eight planes may be determined to tonch the three given 
spheres. Two of these wUl have all the spheres on the same 
side, while the others will have one on one side and two on 
the other. 

PROBLEM 128. 

To determine the tangent plane to a given surface of revolution 
at a given point on its surface. 

Let the axis of the surface be vertical, and let P be the 
given point. 

All the tangent planes to the surface at points on it at the 
same level as P will have the same inclination, and the normals 
to the surface at these points will all meet on the axis at the 
same point. Hence if ^V be drawn parallel to X Y to meet 
the outline of the elevation (or plane generatrix) of the sur- 
face at r', and a line, gV, be drawn perpendicular to the 
tangent at /, meeting the elevation of the axis at q\ <^p' will 
be the elevation of the normal to the surface at P. The plan 
of this normal will be the line joining p with the centre of the 
circle, which is the plan of the surface. 

A plane through pp\ perpendicular to j>g, pY> ^^ ^® ^^ 
tangent plane to the surfEuse at P. 
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This plane aJso touches the right oircnlar cone, whose 
projections are shown in the figure. This cone envelops the 



FlO. 146. 




given snrflarce ; the line of contact being a horizontal circle 
passing through P. 



PEOBLEM 129. 

To determine a cylinder to envelop a given surface of re/oolwtion^ 
the generatrices of the cylinder to be parallel to a given Ivne. 
Also to show the line of contact. 

Let A B be the axis of the surface of revolution (supposed 
to be vertical), and let C D be the line to which the genera- 
trices of the required cylinder are to be parallel. 

Take any point, P, on the surface of revolution and de- 
termine the cone which, having its vertex V in AB, envelops 
the surface of revolution and touches it in a horizontal circle 
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throngh P. The oonstraction for determining this cone is 
shown in fig. 146. 

Determine by Problem 118 a plane tangential to this 
cone and parallel to C D. Find the line V.B which is the 
line of contact between the cone and the plane (B is the point 
where the horizontal trace of the plane tenches the circle, 
which is the horizontal trace of the cone). 

Next determine the point Q where YB meets the circle 
of contact, and throngh Qdraw QN parallel to CD. The 
point Q is the point where the tangent plane tenches the 
snr&ce of revolution. The line Q N will he a tangent to the 
surface of revolution at the point Q, for it is parallel to C D, 
which is parallel to the tangent plane, and Q is in that plane ; 
therefore QN is in that plane. 

The line Q N will be a generatrix of the required cylinder, 
Q will be a point in the curve of contact, and N, the horizon- 
tal trace of Q N, will be a point in the horizontal trace of the 
cylinder. 

In the same way, any number of points on the line of 
contact may be determined, and also any number on the trace 
of the cylinder. 



PROBLEM 130. 

To determine a cone to envelop a gwen surface of revolution^ 
the vertex of the cone being given. Also to determine the 
Ivne of contact. 

There are only two points of difference between the 
solution of this problem and that of the preceding one. The 
first point of difference is that, after determining the vertical 
cone enveloping the given surface, the tangent plane is made 
to pass through the given point which is to be the vertex of 
the required cone, instead of being drawn parallel to a given 
line. 

The second point of difference is that, instead of draw, 
ing QN through Q, parallel to a given liqe, we join Q with 
the given point. 
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EXERCISES. 

1. A sphere, 2f' in diameter, rests on the H.P. Show iihe 
projections of a cylinder enveloping this sphere ; show also 
the cnrve of contact. The plan of the axis of the cylinder 
makes 30®, and its elevation 50® with XT. 

2. The plan of the aids of a cone makes 80®, and it(9 
elevation 60® with XT. A sphere, 1^" diameter, which is 
enveloped by this cone, has its centre at a point whose plan 
is 2/' from the plan of the vertex of the cone. Show the plan 
and elevation of the cone and cnrve of contact. 

3. Two straight lines, AB and CD, have their plans 
situated as follows : — a h = 4j", c(£ = 3 J" ; ah and cd inter- 
sect at a point, o, 2^'' from a and 2" from c. The angle aoo 
es 80®. The heights of the points A, B, C, and D above the 
H.P. are 0", 2", 0'', and 3^" respectively. 

A surface is generated by a line moving parallel to the 
H.P. and always meeting the lines A B and G D. Determine 
the trae form of the section of this surface by a vertical 
plane whose horizontal trace bisects the angle aoc. What is 
the surface termed, and can it be developed ? 

4. An hyperboloid of revolution has its axis vertical, and 
is cut by a plane inclined at 50®, whose horizontal trace is 
perpendicular to X Y. This plane cuts the axis at a point V 
below the collar. The generatrix of the surface is inclined at 
55®, and its perpendicular distance from the axis is ^". Show 
a plan of the section and determine its true form. 

5. A sphere, 2/' diameter, touches both planes of projec- 
tion. A plane, whose horizontal and vertical traces touch the 
plan and elevation of the sphere, respectively, and make 45® 
with X Y, cuts the solid into two portions. Show the plan 
and elevation of the lower portion. 

6. A surface of revolution is generated by an ellipse 
rotating about its major axis, which is vertical : axes of ellipse, 
3" and 2". A line, inclined at 45® to the H.P. and 30® to the 
V.P., passes through the middle point of the axis of the 
surface. Show the projections of the points of intersection 
of the line and surface. 
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7. A cone — ^base 2J" diameter, axis 2^' long — lies with 
its slant side on the H.P., and the plan of its axis makes 60° 
with X Y. Draw the projections of a straight line lying on 
the snrface of this cone, the highest point in the Hne (a point 
in the base of the cone) being 1" above the H.P. Then draw 
the traces of the plane which tenches the cone along this 
line. 

8. A conical snrface with a semi- vertical angle of 25° has 
its axis inclined at 50°. Determine the planes which are 
inclined at 70° and are tangential to the snrface. 

9. The plan of the axis of a cone is 3" long, the vertex is 
•7", and the centre of the base is 3*2" above the H.P. Draw 
a tangent plane to the snrface inclined at 75°. Eadins of 
base, 1'5". 

10. Under wnat conditions as to form and position is it 
possible to draw a tangent plane to two right cones P Draw 
the projections of two nneqnal right cones (one having a 
vertical, the other a horizontal axis) snch that thej admit of 
tangent planes. 

11. A cylinder, 1'' diameter, tenches both co-ordinate 
planes. Draw the traces of the planes which tonch the 
cylinder in a line 1" from X Y. Show the intersection of the 
planes. 

12. The horizontal trace of a cylinder is a circle 2'' 
diameter. The axis of the cylinder is inclined at 40°. De- 
termine the two planes which, being inclined to the paper at 
60°, shall tonch the snr&ce. The intersection of these planes 
to be shown, as well as the lines in which they tonch the 
cylindrical snrface. 

13. A line, 3" long, has one extremily on the horizontal 
plane and the other on the vertical plane ; the plan of the 
line makes an angle of 45°, and its elevation an angle of 50° 
with XY. Considering this line as the axis of a circnlar 
cylinder 1^" in diameter, determine the traces of its snrface 
on both planes of projection. Next draw (at pleasnre) the 
plan and elevation of a line, and determine the traces of the 
planes which shall tonch the cylinder and be parallel to this 
line. 
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14. A drcle, 2^^^ in diameter, is the plan of a sphere 
resting on the H.P. A line, 2|'' from the centre of the 
circle, is the horizontal trace of a plane which tenches the 
sphere, fihow the point of contact. 

15. A sphere, 2'' diameter, rests on the horizontal plane. 
It is touched by three planes, all inclined at 50°, lEtnd equally 
inclined to one another. Determine the height of the pyra- 
mid so formed. 

16. Draw a circle, 1*5'' radius, and take a point within it 
V distant from the centre. The circle is the plan of a sphere 
whose centre is 2*5'' above the horizontail plane, and the 
point is the plan of one situated on the upper surface of the 
sphere. Through this point draw a straight line, which shall 
touch the sphere and be inclined at 30°. 

17. A sphere, 1*75'' in diameter, touches both planes of 
projection. Determine the traces of a plane touching the 
sphere, and inclined at 60° and 50° to the horizontal and 
vertical planes respectively. 

18. Draw a circle 1*5'' radius, and 3" away from its centre 
a straight line. The circle is the plan of a sphere, whose 
centre is 2*5" above the H.P., and the straight line is the 
plan of one incliued at 50°. Through the line draw a plane 
tangential to the sphere. 

19. Draw the projections of a sphere having its centre on 
the ground Une, also the projections of a line which does not 
meet the sphere, and is inclined to both co-ordinate planes. 
Determine a tangent plane to the sphere through this line. 

20. Two spheres, radii 1*5" and 1", rest in contact on the 
horizontal plane. Determine a plane tangential to both and 
having an inclination of 50°. 

21. An equilateral triangle of 2^" side is formed by three 
points, a^, hio, C22. B and C are the centres of spheres of 
1^" and 2" diameter respectively. Determine a plane con- 
taining A and tangent to these spheres, rising from A 
towards B and C (unit = 01"). 

22. Two circles, diameters 1^" and 2", have their centres 
2^^' apart. The larger circle is the plan of a right cone 
(axis 9" long), and the smaller one that of a sphere. Botb 
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solids stand on the H.P. Determine a plane to tonch both 
cone and sphere. The gronnd line to make 40^ with the line 
joining the centres of the circles. 

23. Three spheres, A, 6, and G, have the plans of their 
centres at the angular points of an equilateral triangle of 2'' 
side. The diiameters of the spheres are : — ^A, 2" ; B, 1^" ; 
C, I". The heights of their centres are :— A, 2^" ; B, 1^" ; 
G, f ''. Determine a plane tangential to these spheres, show* 
ing the points of contact. Take the gronnd line parallel to 
ab, 

24. An annnlns, or ^anchor ring,' whose section is a 
circle 1'5" in diameter, and whose mean diameter is 2^", rests 
on the horizontal plane. Determine the plan of its section by 
a plane inclined at 50^, touching its surface. 

25. A surface is generated by a straight line always in- 
clined at 65^, and always lying in a vertical plane, which 
touches a horizontal ellipse. The plane of this ellipse is 2*5^' 
above the paper, and its axes are 3'' and 2". Show a section 
of this surface made by a plane to be assumed at pleasure, 
provided it is neither horizontal nor vertical. 

26. The horizontal trace of an oblique (rjrlinder is an 
ellipse : axes, 3'' and 2". The plans of the generatrices (which 
are inclined at 55^) are parallel to the major axis. Deter- 
mine a piano which will cut the cylinder in a circle. 



CHAPTEE XV. 

DEVELOPMEirrS AND THE PBOJEOTIOK OF SCBEW THREADS. 

Ik this chapter, when we speak of the surface of a prism, 
pyramid, cylinder, or cone^ we exclude the bases or ends. 

PROBLEM 131. 
To determine the development of the su/rface of a prism. 

The sur&ce of the prism is made up of a number of paral- 
lelograms, and if the true forms of these parallelograms be 



DEVELOPMENTS AND PROJECTION OF SCREW THREADS. 65 

drawn and placed side by side, so that those angalar points 
which are made to coincide coincide when on the surface of 
the prism, the resulting figure will be the development of the 
surface. 



PROBLEM 132. 

To determine the developmerd of the surf ace of a pyramid. 

The surface of the pyramid is made up of a number of 
triangles having a common vertex, and if the true forms of 
these triangles be drawn and placed side by side, so that those 
angular points which are made to coincide coincide when on 
the surface of the pyramid, the resulting figure will be the 
development of the surface. All the triangles which make up 
the development will have a common vertex. 



PROBLEM 133. 

To determme the development of the su/rface of a cylinder. 

As was explained in Chapter III., the cylinder is a particular 
case of a prism. In fig. 147 is shown a prism inscribed in the 
surface of a right cylinder, the plan of the prism being the 
polygon which is inscribed in the circle which is the plan of 
the cylinder. 

The development of the surface of the prism will clearly 
be a rectangle A K, made up of a series of rectangles equal to 
the sides of the prism. The side A H of the development of 
the prism is evidently equal to the perimeter of the polygon 

12 3 Now, if the sides of the prism be increased in 

number, its surface will more nearly coincide with that of the 
cylinder, and the line A H will be more nearly equal to the 
circumference of the circle 1 2 3 .... ; and in the limit 
when the number of sides on the prism is made infinite, the 
development of its surface will be the rectangle AE^ in 
which the side A H is equal to the circumference of the circle 

123 

n. p 
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The vertical lines through the points 12 3.... in the 
line A H are the positions of generatrices on the develop- 
ment which have their plans on the cylinder at the points 

X ^ O . • • . . 

If an end of the cylinder is not at right angles to its axis, 
or if it is curved, as shown in the elevation by the curved line 
yd\ the development will have one side curved. The points 
on this curve are got by making the development of the 
generatrices equal to their true lengths, which, in this case are 
shown in the elevation. Thus C D is made equal to dd'. 



Pia. 147. 




The Helix. The intersection of tlie surface of a circular 
cylinder with a screw surface having the same axis (defined 
on p. 47), is a curve known as the helix. 

The helix may also be defined as the curve * which is 
generated by the uniform motion of a point along a generating 
line of a right cylinder as the generating line revolves with 
uniform angular velocity about the axis of the cylinder.' ' 

The distance between one coil of a helix and the next, 
measured parallel to the axis, is called the aosial pitch of the 
helix. The distance between one coil and the next, measured 

^ Frost's Solid Geometry* 
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along the shortest line on the surface of the cylinder, is called 
the normal pitch. If several hehces be traced on the surfiice 
of the same cylinder at equal distances apart, the distance 
between two adjacent coils is called the divided pitch. When 
* pitch ' is mentioned without any qualification, * axial pitch ' 
is to be understood. 



PEOBLEM 134. 

To determine the projection and development of a helix, . 

Divide the circle (fig. 147) which is the plan of the 
cylinder into any number of equal parts — say 12. 

It is evident from the definition of a helix that if the 
generating point move round any fraction of the circumference 
of the cylinder, it will at the same time move in the direction 
of the axis of the cylinder a distance equal to the same fraction 
of the pitch. Thus, if the point move round the cylinder a dis- 
tance shown in plan by the arc 12 — that is, through -j^th of the 
circumference — it will at the same time rise to a height equal 
to YS^^ ^^ *^® pitch. In like manner, in moving round another 
y^5^th of the circumference, it will rise another distance equal 
to -^th of the pitch. Hence we have the following simple 
construction for drawing the elevation of the helix. 

Divide the pitch A'p' into as many equal parts as the circle 
in plan is divided into (in this case 12), and number them 
1'2'3' .... Through these points 1'2'3' .... draw parallels 
to XY to meet perpendiculars from the points 12 3... 
respectively. A fair curve drawn through the points thus 
obtained is the projection required. 

The development of the helix is a straight line, and if two 
turns of the helix be developed we get two parallel lines, p'H 
and ^'L, shown in the figure. 

If a line R S be drawn on the development at right angles 
to p''EL and j'L, this will be the development of a helix at 
right angles to the former one. 

The perpendicular distance between the lines _p'H and q^h 

is the normal pitch of the helix. 

r 2 
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Fig: 148 sliows the application of this problem to the 
drawing of a square doable-threaded eorew. The edges of 
Sia. 148. ®**'^ screw thread are formed by fow 

helices, two being on the Btirface of 
one cylinder, and two on the snrface 
of a smaller one. The pitch of each 
helix is the same. 

A triangalar threaded screw wonld 
be shown 1^ the projection of two 
helices of the same pitch, one on the 
surface of one cylinder, and the other 
on the anr&ce of a smaller one. 

The projection of a spiral (Phelioal) , 
spring is jnst the projection of a screw ' 
thread with the smaller cylinder re- 
moved. If the spring is made of round 
wire, we conceive ita surface as gene- 
rated by a sphere whose centre moves 
along a helis which is the centre lino 
of the wire. The projection of this helix is first drawn, and 
then the projection of the sphere in a number of different 
positions. Fair curves drawn to tonch the latter will be the 
projection of the spring. 



PEOBLEM 135. 

To determine ike devehpment of ike surface of a cone. 

The development of the cone is derived from that of the 
pyramid in the same way aa the development of the cylinder 
is derived from that of the prism. Its form is a sector of a 
circle having a radius equal to the slant side of the cone, the 
length of the arc being equal to the circnmference of the 
circle which is the base of the cone. 

With v' as centre, and v'a' as radius, describe the arc a'K.. 
Step ont this arc with the dividers, and make it equal to the 
circnmference of the circle which is the base of the cone. 
t/a'K is the development of the cone. 
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The intersection of a screw sarlkce with the snrf&ce of 
a cone whose axis coincides with that of the screw snrface 
gives a cnrve which may be Fm. iis. 

caJled a conical helix. The 
projection of this helix, which 
is shown in fig. 149, is drawn 
in almost exactly the same 
way as that of a helix on a 
cylinder. The development 
of this helix, which ia also 
shown in fig. 149, is a spiral. 
The plan is also a spiral, and 
may be drawn in the same 
way as the development with. 
ont nsing the elevation of the 
helix. 



EXEEGI8ES. 

1. Draw the developments 
of the snrfaoeB of the follow- 
ing Bolids : — 

(a) A. hexagonal prism, base |" side, axis 2" long. 

(6) The obliqne prism mentioned in Exercise 4, Chapter III. 

(c) A square pyramid, side of base |", altitude 1^". 

(d) The frnstom of the pyramid mentioned in Exercise 7, 
Chapter VIII. 

2. Draw the development of the snrface of one of the 
prisms mentioned in Exercise 28, Chapter SVI., showing on 
the development the line in which the snrface meets the 
snrfoce of the other prism. 

3. A cylinder IJ" in diameter and 2" long is ont into two 
parts by a plane which cats its axis at an angle of 45°, at a 
point j" from one end. Show the development of the snrface 
of the larger portion. 

4. A vertical cylinder 2" in diameter is cot by a plane 
inclined at 50°, and having a horizontal trace which touches 
the plan of the cylinder and makes 35° with the ground 
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line. Draw the elevation and development of the curve of 
section. 

5. A cone is cut by a plane passing through the centre 
of its axis and inclined at 35°. * Develop ' the surface of the 
frustum. Diameter of base 3*5", axis 3*5". 

6. Show two helices, one right-handed and the other lefb- 
handed, on a cylinder 1^" diameter ; the former to be of 1" 
pitch and the latter of ^" pitch. 

7. A cylinder 1^" in diameter has t^o helices of equal 
pitch traced on its surface, their developments being at right 
angles to one another. Determine the projections of each 
helix and state the pitch. 

8. A cylinder 1^" diameter and 3" long has three helices 
of 3" pitch traced upon it at equal distances apart. Draw 
their projections. 

9. Represent a square-threaded screw of the following 
dimensions. Diameter over thread 2^", diameter at bottom 
of thread 1^'\ pitch 1", thickness of thread ^". Show two 
complete turns of the thread. 

10. A spiral spring, axis vertical, is of the form of a square 
screw thread. Side of square ^", external diameter on plan 3", 
pitch 2^". Draw the elevation of one complete turn of the spring. 

11. Draw a triangular or V- threaded screw 2^" diameter 
and I" pitch, the angle of the V being 60°. 

12. Make a sectional view of a nut for a triangular- 
threaded screw 2" diameter, |" pitch, and J" deep. Height 
of nut If". 

13. A spiral spring is made out of round steel wire ^" in 
diameter. The mean diameter of the spring is 2^", and its 
pitch 2 J". Draw a plan and elevation of two turns of the spring. 

14. Draw a circle 3" in diameter and two I'adii oa, oh 
making the angle aoh^ 140°. In o a take a point p 1*4" 
from 0, and in o 6 take a point q '2" from o. The circle is 
the plan of a cone of revolution (altitude 3'') : and p and q 
are the plans of two points on its surface. Draw the plan 
of the shortest line, which, lying on the surface of the cone 
joins the points P and Q ; also an elevation on a ground line 
parallel to o a. 

Hint. The development of the line is a straight line. 
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CHAPTER XVI. 

INTEESECTION OP SURFACES. 

The general method of finding the intersection of two sur- 
iaces is as follows. Let A and B denote two given surfaces 
whose intersection with one another is required. Cut the 
surfaces A and B by a third surface C ; the latter surfi|«e 
being so chosen and employed that the projections of its 
intersection w^ith A and B are lines which can easily be drawn 
— such as straight lines and circles. Let A' denote the line 
of intersection of C with A, and let B' denote the intersection 
of C with B. Let the lines A' and B' meet at a point P (if 
the projections of A' and B' meet, then A' and B' must meet 
since they lie on the same surface C). Then the point P lies 
on the intersection of C with A, therefore it lies on A ; it 
also lies on the intersection of C with B, therefore it lies on 
B, thus P lies on both A and B, therefore it must be a point 
in the intersection of A and B. By moving the surface C 
into different positions, or by cutting A and B by other sur- 
faces similar to C, any number of points in the intersection of 
A and B may be determined. 



PROBLEM 136. 

To drom the projections of the intersection of two cylinders. 

As a general rule cut the surfaces of the cylinders by 
planes parallel to their axes or generating lines. These planes 
will intersect the surfaces of the cylinders in straight lines, 
the intersection of which with one another determines points 
in the intersection required. 

Example 1. — To show ths elevation of the intersection of 
a vertical cylinder 2" in diameter with a horizontal cylinder 
1*5" in diameter whose axis is parallel to the vertical plane of 
projection. The axes of the cylinders are *2" apart. 
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Commence by drawing the plan and elevation of the 
cylinders. 

Cut both cylinders by vertical planes parallel to the axis 
of the horizontal cylinder. 

Befemng to fig. 150, H.T. is the horizontal trace of one 
of these cutting planes. This plane will cut the vertical 
cylinder in vertical lines of which the points a a are the plans, 
and perpendiculars, through a a to X Y, the elevations. This 
same plane will cut the horizontal cylinder in two horizontal 
lines, of which a i will be the plan ; it now remains to find 

Pig. 160. 




the elevations of these lines. Take an elevation of the hori- 
zontal cylinder on a plane at right angles to its axis ; this 
elevation will be a circle 1*5" in diameter. The cutting plane 
will have a trace on this new vertical plane which will coincide 
with its horizontal trace. The points &i', &/ where this trace 
cuts the circle just mentioned will be the end elevations of 
the lines A B, A B, in which the horizontal cylinder is cut by 
the cutting plane which we are considering, and the lengths 
cb I'y cby will be the vertical distances of these lines from the 
horizontal plane containing the axis of that cylinder. Hence 
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the required elevations a' &', a! V will be at distances equal to 
chx above and below the elevation of the axis of the hori- 
zontal cylinder. 

Where a! &', a^V meet the perpendiculars through a, a will 
determine four points in the elevation of the intersection re- 
quired. 

In like manner, by taking other planes, other points can 
be found as shown in the figure. The elevation of the inter- 
section is completed by drawing * fair ' curves through the 
points thus determined. 

By arranging the cutting planes symmetrically about the 
axis of the horizontal cylinder, as shown, the elevations of the 
lines on the back of that cylinder^ will coincide with the 
elevations of those on the front ; thus the number of lines on 
the figure is diminished. 

To avoid confusion the student should carefully number 
all the lines in the manner shown in the figure, all the lines 
lying in one cutting plane being marked with the same 
number. 

Example 2. A vertical tube, external diameter 2f , in- 
ternal diameter 1^", has a horizontal cylindrical hole bored 
through it 1^" in diameter. The axis of the hole is J" from 
the axis of the tube. Draw an elevation on a vertical plane in* 
clvned at 35° to the axis of the hole. 

First determine the intersection of the boring cylinder 
with the outside of the tube in exactly the same way as in 
Example 1. The fact of the horizontal cylinder being in- 
clined to the vertical plane will make no difference in the 
working, as the heights of all the lines in which the cutting 
planes intersect the horizontal cylinder will remain the same 
whatever be its inclination to the vertical plane. 

Next, in like manner determine the intersection of the 
boring cylinder with the interior of the tube. It is found 
that in this example this intersection consists of one line 
only. 

In the two preceding examples the intersections may 
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also be found by taking the cutting planes horizontal instead 
of vertical. 



Tig. 151. 




Example 3. The horizontal trace of a cylinder is an 
ellipse 3'' x 2" whose major axis is parallel to X Y. The hori- 
zontal trace of a second cylinder is an ellipse 2| x 2" whose 
minor axis is parallel to XY. The line joining the centres 
of the two ellipses is Z" long and is parallel to X Y. The plan 
and elevation of the axis of the first cylinder each make 45° 
with X Y. The plan of the aads of the second cylinder is per- 
pendicular to the plan of the axis of the first, and its elevation 
makes 55° with X Y. To draw the projections of tits intersec- 
tion of the two cylinders. 

In this example the planes which will intersect the 
cylinders in straight lines will be inclined to both planes of 
projection. 

To find the directions of the traces of the cutting planes 
take a point pp' in the axis r 5, r's! of one cylinder. Through 
this point draw the line p q, p' q' parallel to the axis of 
the other cylinder, and find its horizontal trace q. Then 
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r being the horizontal trace of r «, r's^y the line through . q 
and r will jbe the horizontal trace of a plane parallel to the 
axis of each cylinder. This horizontal trace cnts the hori- 



FlG. 162. 




zontal trace of one cylinder at the points a and &, and the 
horizpntal trace of the other at the points c and d. These 
four points will be the horizontal traces, and lines through 
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a and 6 parallel to r« and throngb c and d parallel to tu will 
be the plans of the lines in which the cylinders are cnt by 
the plane of which the line q r is the horizontal trace. The 
points where these lines intersect determines four points in 
the plan of the intersection of the cylinders. 

In like manner by drawing lines parallel to r g', assuming 
these to be the horizontal traces of cutting planes parallel to 
the first, and drawing lines parallel to r s and t u through the 
points where these horizontal traces meet the ellipses, other 
points in the plan of the intersection can be found. ^ 

To find the elevation draw perpendiculars to X Y from 
the points where the horizontal traces of the cutting planes 
meet the ellipses, and through the points where these perpen- 
diculars meet X Y draw lines parallel to /»' and t'u'. These 
will be the elevations of the lines in which the planes cut 
the cylinders. The elevation required is determined by the 
intersection of these elevations. 

As in the preceding examples, all the lines and planes 
should be numbered ; all lines in the same cutting plane 
having the same number. The student will notice that the 
poi/nts in the <yu/rve of intersection are found from the intersection 
of those lines having the same number. 

The portion of the curve which is seen in plan, and which, 
must therefore be put in as a full line, is found from the in- 
tersection of those lines whicb lie on the upper surface of one 
cylinder with those which lie on" the upper surface of the 
other, i,e. from the intersection of the lines whose horizontal 
traces lie on the part/^ h of one ellipse with those whose 
horizontal traces lie on the part Imn of the other ellipse. All 
the rest of the curve in the plan will be hid by one or other of 
the cylinders, and will therefore be dotted. 

In like manner the part of the curve which is seen in 
elevation is found from the intersection of those lines which 
lie on the front of one cylinder with those which lie on the 

* In the figure only three cutting planes axe shown to avoid con- 
fusing the figure (which is drawD half size), but the student in working 
the problem should take, say ten. A similar remark appUes to other 
tigures in this chapter. 
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front of the other, i.e. from the intersection of the lines whose 
horizontal traces lie on those halves of the ellipses which are 
furthest from X Y and lie between the tangents which are 
perpendicular to X Y. 

Instead of using only the horizontal traces of the cutting- 
planes the vertical traces may be employed, and 'when both 
cylinders do not have a trace on the same plane of projection 
it is necessary to use both the horizontal and vertical traces 
of these planes. 

PEOBLEM 137. 

To draw the ^rejections of the intersection of a cylinder and cone. 

The general method of solving this problem is to cut the 
surfaces by planes parallel to the axis or to the generating 
lines of the cylinder and passing through the apex of the 
cone. These planes will intersect the surface of the cylinder 
in parallel straight lines, and the surface of the cone in 
straight lines passing through its apex. The intersection of 
the former lines with the latter determines points in the in- 
tersection of the cylinder and cone. 

Example 1. A right cone — hose 3" diameter, axis SJ" long — 
has its base horizontal, A cylinder^ 2" in diameter, whose axis 
is horizontal penetrates the cone. The axis of the cylinder is 
1^" above the base of the cone. The axes of the solids are i" 
apart. To show the plan of the intersection of the solids amd 
an elevation on a vertical plane inclined at 30^ to the axis of 
the cylinder. 

The general method which has just been explained can 
easily be applied to the solution of this example. But in this 
case the positions of the solids in relation to the horizontal 
plane and to one another are such that another method may 
be used which is as simple as that just explained. This 
method, which is illustrated by fig. 153, is as follows. 

As the axis of the cone is vertical and the axis of the 
cylinder horizontal, all horizontal planes which meet the 
solids will intersect the cylinder in straight lines and the 
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cone in circles. The intersection of these circles with the 
straight lines will determine points on the curve of intersec- 
tion required. 

Take an elevation of the cylinder and cone on a plane 
perpendicular to the axis of the cylinder. In the figure this 
elevation is shown brought round into the plane of the first 
elevation. 

Pig. 153. 




Now draw the vertical traces of the horizontal cutting 
planes and consider one of these planes — say that which has 
L'M' for its vertical trace. This plane will intersect the cone 
in a circle of which the diameter is a/&/. Draw, therefore, 
a circle of this diameter on the plan of the cone concentric 
with the plan of its base. This same horizontal plane will 
intersect the surface of the cylinder in two straight lines, of 
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which the points &i'ci' will be the end elevations. The plans 
of these lines will be parallel to the plan of the axis of the 
cylinder, and at distances from it equal to half of hiCi', The 
points h and c, where these lines meet the circle already drawn, 
will be tibe plans of two points on the cnrve of intersection, 
and perpendiculars from h and c to X Y, to meet L'M' at 
ly and c', determine the elevations of these points. 

In like manner any number of points on the curve of 
intersection may be found, and a fair curve through these 
will be the complete intersection. 

In the figure the construction is shown for finding the 
most important points in the intersection — that is, all the 
l>oints of the curve where there is a rapid change in its 
direction. 

Example 2. The horizontal trace of a cylinder is an ellipse, 
3" X 2'' whose major axis is parallel to X Y. The plan of the 
axis of the cylinder makes 30° and its elevatimi 60° vrith X Y. 
A cone has for its horizontal trace an ellipse 3 J" x 2" whose 
centre is S" from the centre of the horizontal trace of the cylinder, 
and in the same line with it parallel to X Y, and whose major 
ojxis is imclvned at 60° to X Y. The vertex of the cone is b" 
above the horizontal pla/ne, and its plan is 2^" from the centre q/ 
the first ellipse and 3^" from that of the second. To determine 
the intersection of the cylinder and cone. 

This example is worked by cutting the surfaces by planes 
passing through the vertex of the cone, and parallel to the 
generating lines of the cylinder which, as already stated, is 
the general method of solving this problem. 

It is evident that all planes which are parallel to the 
generating lines of the cylinder and pass through vv\ the 
vertex of the cone, will contain a line v t, v'tf drawn through 
V t/ parallel to these generating lines. Hence the horizontal 
traces of all the cutting planes will pass through t, the hori- 
ifiontal trace of the line vt,v^t'. 

The line h i, meeting the horizontal trace of the cone at h 
and Z, and the horizontal trace of the cylinder at m and n, is 
the horizontal trace of one of the catting planes. This plane 
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will intersect the surface of the cone in two straight lines 
of which V h and v I are the plans, and v^h' and v'V the ele- 

Fia. 154. 




vations. The same plane will intersect the surface of the 
cylinder in two straight lines whose plans pass through m 
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and n and are parallel to the plans of the generating Hues of 
the cylinder^ and whose elevations are parallel to the eleva- 
tions of these lines as shown in the figure. 

The points |?y, qgf^ rr^y ««', determined by the inter- 
section of these fonr lines, are points on the curve of inter- 
section required. 

In like manner any number of points may be determined 
and the curve drawn as in former problems. 

In the figure only three cutting planes are shown, but the 
student will, of course, in working the problem take a larger 
number. 



PROBLEM 138. 

To determine the intersection of two cones. 

The student will have no difficulty with this problem if 
he has rightly understood the preceding ones of this chapter. 
In this case the cutting planes are made to contain the vertex 
of each cone ; therefore they will all contain the line joining 
these vertices. Hence the horizontal traces of all the cutting 
planes will pass through the horizontal trace of the line join* 
ii^ the vertices of the cones. 



PROBLEM 139. 

To deUrrrdne the intersection of a sphere vnih aprisni or pyra/rnid. 

The surface of a prism or pyramid is made up of plane 
faces, and the intersections of these faces with the sur£Etce of 
the sphere may be determined by Problem 114. These inter- 
sections will be portions of circles (whose projections are 
generally ellipses) meeting one another at the points where 
the edges of the prism or pyramid meet the surfew^ of the 
sphere. These latter points should be determined separately 
by Problem 66, 

IT. G 
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PEOBLEM 140. 

To determine tJie intersection of a cylinder and a surface of 
revolution* 

In all the problems which we have yet considered on the 
intersection of surfaces, we have cat them by planes in order 
to find points on the line of intersection. Now, the only 
simple plane section of a surface of revolution is in general 
one at right angles to its axis, which will always be a circle ; 
but it is evident that only in very particular cases would the 
plane which cuts the surface of revolution in a circle, cut the 
surface of the cylinder in a circle or in straight lines. For 
instance, the plane which cuts the surface of revolution in a 
circle might intersect the cylinder in an ellipse, and it would 
clearly be a laborious process to construct an ellipse for each 
cutting plane. Plane sections are, therefore, in general not 
suitable for the working of this problem. 

Instead of cutting the surfaces by planes we cut them by 
cylinders, whose generating lines are parallel to those of the 
given cylinder, and which have circular sections of the surface 
of revolution for directrices. These cylinders may be said to 
cut the sur&ce of revolution in circles, and they will cut the 
given cylinder in straight lines, the intersection of which 
with the circles will determine points on the required inter- 
section. 

In order that the circular sections of the surface of revolu- 
tion may be projected into circles and straight lines the axis 
of revolution must be arranged perpendicular to one of the 
co-ordinate planes (generally the horizontal plane). 

Example. An ohlate spheroid — aads 2", diameter 3" — hamng 
its oasis vertical, is penetrated hy a cylinder 2'' in diamieter. The 
elevation of the axis of the cylinder passes through the centre of 
the ellipse whi-ch is the elevation of the spheroid, amd makes 45° 
noii^ X Y. The plan of the axis of the cylinder is ^'^ distant 
from the centre of the circle which is the pla/n of the spheroid. 
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a',vdi makes SO^ with X Y. To d/raw the projections of the inters 
section of these two solids. 

The ellipse which is the horizontal trace of the cylinder 
may be determined as in Problem 112, p. 47. 



Fia. 150. 







Take any circular section, a h, a'Vy of the spheroid, and 

imagine a line to move so as to always meet this circle and 

be parallel to the axis m n, m'n' of the given cylinder. This 

moving line will describe the surface of a cylinder every 

horizontal section of which will be a circle equal to a 5, a'V. 

g2 
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The axis h o, h'o' of this auxiliary cylinder will be parallel to 
m n, m'n', and a circle with the horizontal trace of h o, h/o 
for centre and a diameter equal to that of a &, a'V will b^ the 
horizontal trace of this cylinder. 

The points r and 8 in which the horizontal trace of the 
auxiliary cylinder meet the horizontal trace of the given 
cylinder are evidently the horizontal traces of the lines of 
intersection of these two cylinders. 

The plans p r and qsoi these lines will be parallel to m n, 
and their elevations pV and gV will be parallel to mV. 

The points p and q, where the lines p r and q s meet the 
circle a b, are the plans of points on the intersection required, 
and the points p'q\ where the elevations of these lines meet 
a' h\ are the elevations of the same points. 

But the student will observe that the lines p r and q s each 
meet the circle a 5 in two points. The question, therefore, 
arises, are all the four points thus obtained points on the inter- 
section required ? and, if not, which ones must we take ? 

The auBwers to these questions will appear from the 
following considerations. One half of each of the circles 
A B and R S lies on the under and the other half on the 
upper surface of the auxiliary cylinder. The plans of these 
halves will be found by drawing through h and o diameters 
perpendicular to o h. The semicircles to the right of h and o 
will be th^ plans of those halves of the circles which are on 
the under surface of the auxiliary cylinder, while those to the 
lefb of A and will be the plans of those halves of the circles 
which are on the upper half of the same cylinder. From this 
we see that the point S and the line Q S are on the upper half 
of the auxiliary cylinder, therefore the point q must lie on the 
semicircle to the left of o, and it is evident that the line Q S 
can only meet the circle A B at one point, because the line 
and the circle are not in the same plane. Reasoning in the 
same way, we find that p lies on the semicircle to the right 
of 0. 

By taking other auxiliary cylinders and proceeding in the 
same way we may determine any number of points on the 
intersection required. 
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PBOBLEM 141. 

To determine the mtersection of a cone and a surface of 
revolution. 

The solution of this problem is very like that of the pre- 
ceding one. As before we will assume that the axis of the 
surface of revolution is vertical. In this case the auxiliary 
surfaces are cones whose vertices coincide with the vertex of 
the given cone, and whose directrices are circular sections of 
the surface of revolution. The horizontal traces of these cones 
will be circles whose centres will all lie on the straight line 
passing through the plan of the vertex of the cone and the 
centre of the plan of the surface of revolution. These circles 
will not have the same diameters as the circles on the surface 
of revolution which are the directrices of the cones ; their 
diameters are, however, easily found by taking elevations of 
the cones on a vertical plane parallel to their axis (which, of 
course, all lie in the same plane with the vertex of the given 
cone and the axis of the surface of revolution). 



PBOBLEM 142. 

To determine the intersection of two stirfaces of revolution when 
their axes a/re parallel. 

As all sections of a surface of revolution by planes per- 
pendicular to its axis are circles, and since the axis of the 
given surfaces are parallel, the same plane will, if it cuts both 
surfaces, cut them in circles the intersection of which with 
one another determines points on the intersection required. 

The surfaces of revolution should be arranged so tiiat their 
axes are perpendicular to one of the co-ordinate planes. The 
projections of the circles mentioned above will then be circles 
and straight lines, which are easily drawn. 
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PROBLEM 143. 

To detemvine the mtersection of two surfaces of revolution when 
their axes a/re not parallel, hut meet one another. 

Let the surfaces be placed so that their axes are par9llel to 
the vertical plane, and one of them perpendicular to the 
horizontal plane. 

Denote the surface whose axis is vertical by M, and the 
other by N, and the point where their axes meet by O. 

Conceive a sphere having its centre at 0, and intersecting 
each of the given surfaces. The intersection of this sphere 
with M will be a circle, A B, whose plane is horizontal, and 
whose plan will therefore be a circle, ah, and elevation a 
straight line, a'b'. 

The intersection, of the sphere with N will be a circle, C D, 
whose elevation, c'd', will be a straight line, but whose plan 
(which need not be drawn) will be an ellipse. 

The point where a'6' meets c'd' will clearly be the eleva- 
tion of the points where the circles A B and C D meet one 
another, and will therefore be tbe elevation of two points on 
the intersection required. 

A perpendicular to X Y from the point of intersection of 
a'b' and cfd\ to meet the circle ah a,ip and q, determines the 
plans of two points on the intersection required. 

By taking a sufficient number of spheres, having their 
centres at O, any number of points on the intersection of the 
two given surfaces may be determined in the manner just 
explained. 

PROBLEM 144. 

To determine the intersection of two surfaces of revoluMon when 
their axes are not parallel nor intersecting. 

There is no simple solution of this problem. The easiest 
way is as follows : First, place the surfaces so that their axes 
are parallel to the vertical plane and the axis of one of them 
perpendicular to the horizontal plane. Next cut tbe surfaces 
by horizontal |)lanes. 
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The sections of the surface whose axis is vertical by these 
planes will be horizontal circles, and can therefore be easily 
shown. The sections of the other surface by the same planes 
will not be circles or coi'ves, which are easily drawn. The 
elevations of these latter sections will be easily drawn since 
they are straight lines, bat their plans will have to be found 
by determining a number of points in them, and drawing fair 
curves through them. 

The intersection of the sections of the two sur£Eices by 
these horizontal planes determines points on the intersection 
required. 

In drawing the plans of the sections of the surface whose 
axis is inclined, only those portions need be shown which it is 
thought will cut the plans of the corresponding sections of the 
other surface. 

PROBLEM 145. 

To determine the intersection of prisms and pyramids mth one 
another. 

The surfaces of prisms and pyramids are plane surfaces, 
and the intersection of these with one another will be straight 
lines, which may be determined by the rules for the intersection 
of planes. 

Some cases of this problem, although simple enough in 
theory, are somewhat difficult in practice, owing to the large 
number of lines which occur, and they can only be correctly 
done by exercising very great care in the working. 

Example 1. A right prism^ having for its base am, equilateral 
triangle of 2^'' side, has its axis vertical, and one face parallel to 
the vertical plane, A square prism, side of square If", whose 
axis is horizontal and inclined at 40° to the vertical plane, pene^ 
trates the first prism so that their axes intersect. One face of the 
square prism is inclined at 60° to the horizontal plane. To show 
the elevation of the intersection of the two solids. 

Through the points where the plans of the horizontal 
edges of the square prism meet the sides of the triangle, 
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-which is the plan of the vertical prism, draw perpendiculars 
to X Y to meet the elevations of these horizontal edges. This 
will determine a cumber of points in the intersection. Kext 
determine the points where the edges of the vertical prism 
meet the faeces of the horizontal prism by taking an anxiliary 
elevation of the solids on a plane perpendicalar to the axis of 

Fia. 166. 




the horizontal prism. This auxiliary elevation is of coarse 
required, first of all, for drawing the plan of the horizontal 
prism. By joining the points thus found in the proper order 
we get the required intersection. In fig. 156 the elevation of 
the square prism is not shown. 

Example 2. A square pyramid — base 2J" side, axis 4" — 
stands on the H.P. with one side of its hose inclined at 30° to 
X Y. This solid is jpenetraied by a square prism, base 2" side^ 
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whose cms is horizontal cmd inclined at 10^ to the V,P, The 
lower horizontal edge of the prisni cuts the aais of the pyramid 
at a poi/tvt \l' above the H.P., a/nd a face contaimng that edge is 
inclined at 40°, To show the plan amd elevation of the solids 
amd their intersection. 

Make an auxiliary elevation on a plane perpendicular to 
the axis of tlie prism. 

To determine the points of intersection of the edges of the 
pyramid with the faces of the prism. — The auxiliary eleva- 
tions of these points will be where the auxiliary elevations of 
the edges of the pyramid meet the sides of the square, which 
is the auxiliary elevation of the prism. Perpendiculars from 
these to the new ground line to meet the plans of the edges of 
the pyramid determine their plans, from which the elevations 
can be at once projected. 

To determine the intersection of the edges of the prism 
with the faces of the pyramid, cut both solids by planes con- 
taining these edges and the vertex of the pyramid. Find the 
lines of intersection of these planes with the pyramid. The 
points where the latter lines meet the edges of the prism are 
the points required. 

Now join the points thus determined in the proper order ; 
that is to say, see that before two points are joined they both 
lie on the same face of the prism and also on the same face of 
the pyramid. 



EXERCISES. 

Note, — The student should d/raw the developments of as many 
of the surfaces in the following exercises as possible; showing 
also the development of their lilies of intersection, 

1. A horizontal cylinder \y in diameter penetrates a 
vertical cylinder 2" in diameter. Show an elevation of their 
intersection on a plane parallel to their axes : (a) when the 
axes intersect ; (5) when the axis of the horizontal cylinder 
is I" in front of the axis of the vertical cylinder ; (c) when 
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the axis of the horizontal cylinder is ^" in front of the axis of 
the vertical cylinder. 

2. A cylindrical boiler shell 5 feet in diameter is snrmonnted 
by a cylindrical steam dome 3 feet in diameter, the top of the 
latter being 5 feet 6 inches &om the axis of the former. Show 
an elevation of the intersection of the dome and shell, and 
obtain the development of the dome. Scale ^th. 

3. Draw the elevation of the intersection of a vertical 
cylinder 3" in diameter with a cylinder 2^" in diameter, whose 
axis is parallel to the vertical plane, bnt inclined at 45^ to the 
horizontal plane. The axis of the latter cylinder is f" in 
front of the axis of the former. 

4. A vertical hollow cylinder— external diameter 3", thick, 
ness '75" — ^is penetrated by a horizontal cylinder 1" in diameter, 
the distance between their axes being '6". Draw an elevation, 
showing their intersection on a vertical plane, making an angle 
of 30° with the axis of the horizontal cylinder. 

5. Two cylinders lying on the ground have the plans of 
their axes at right angles. The diameter of the one is 2" and 
of the other 2*1". Draw a plan. 

6. A cylinder, 2^" long and 1^" in diameter, is penetrated 
by another of the same length, but of only two-thirds its 
diameter. The axes of both are horizontal and their plans 
bisect one another at right angles ; but the axis of the 
smaller cylinder is ^" above that of the larger. Draw the 
plan and an elevation on a Y.P., which makes an angle of 30° 
with the axis of the larger cylinder. 

7. A cylinder 2|" in diameter, axis vertical, is penetrated 
by another 2^^' in diameter, having its axis inclined at 45° to 
the H.P. The axes of the cylinders are ^" apart. Draw an 
elevation of their intersection on a ground line inclined at 30° 
to the plan of the axis of the smaller cylinder. 

8. A vertical tube — outside diameter 3", inside diameter 
1|" — has a cylindrical hole bored through it 1^" in diameter. 
The axis of the hole is inclined at 45° to the H.P., is ^^' from 
the axis of the tube, and its plan makes an angle of 25° with 
X Y. Draw the elevation. 

9. A B, G D, and E F are three horizontal straight lines 



INTERSECmON OF SURFACES. 91 

whicli are ^", 1", and 1^" above the H.P. respectively. The 
plans of A B and C D make angles of 30^ with X Y, and the 
plan of E F is perpendicalar to X Y. The plans of the three 
lines meet at a point. Determine the projections of all the 
points which are distant 1^'' from each line. 

10. Draw a triangle, ABC; A = 2^", angle B A C == 
angle B C A = 50°. On the same base A C draw a triangle 
ADC; angle D A C = 65°, angle D C A = 60°. The points 
B and D to be on opposite sides of A C, which is on the ground 
line. A B is part of the plan and D C is part of the eleva- 
tion of the axis of a cylinder, whose horizontal trace is a circle 
2'' in diameter. B C is part of the plan and A D is part of 
the elevation of the axis of a cylinder, whose horizontal trace 
is a circle 1^'' in diameter. Draw the projections of the carve 
of intersection of the two cylinders. 

11. The horizontal trace of a cylinder is an ellipse 3" x 2'', 
whose major axis is inclined at 60° to X Y. The horizontal 
trace of another cylinder is a circle 2^'' in diameter, whose 
centre is 3'' from the centre of the ellipse, and at the same 
distance from X Y as the latter point. The axis of the first 
cylinder is inclined at 60° to the horizontal plane, and its 
plan is in the direction of the major axis of the ellipse. The 
axis of the second cylinder is inclined at 45° to the horizontal 
plane, and its plan is at right angles to the plan of the axis of 
the first cylinder. Show the projections of the intersection 
of the two cylinders. 

12. A cylinder 2i/' in diameter and a cone — base 2f 
diameter, axis 3'' — stand on the H.P. with their axes vertical. 
The centres of their bases are 1^" apart, and are in a line in- 
clined at 46° to X Y. Draw the elevation of the two solids, 
showing the line of intersection of their surfaces. 

13. A cone — base 3'' diameter, axis 2f — standing on the 
H.P., is cut by a horizontal cylinder 1^" in diameter, resting 
on the H.P. The axis of the cylinder is f " in front of the 
axis of the cone. Draw a plan and elevation showing the 
intersection of the solids. 

14. Draw a line, a &, 3^'' long, a is the centre of a circle 
2|'' in diameter ; h is the centre of an ellipse 3|'' x 3'', whose 



92 DESCRIPTIVE GEOMETRY. 

major axis is in the direction of a h. The circle is the hori- 
zontal trace of a vertical cylinder, and the ellipse is the 
horizontal trace of a cone, whose vertex has its plan at a dis- 
t^^nce of 6" from h and 2|" from a. The height of the vertex 
of the cone is 4^^'. Draw an elevation on a ground line in- 
clined at 30° to a h. 

15. A cone having a base 2^'' in diameter, and an axis 
3^" long, has the latter inclined at 60° to the H.P. A 
cylinder If" in diameter penetrates this cone. The axis of 
the cylinder is horizontal and perpendicular to the axis of the 
cone, and meets the latter line at a point 2^'^ from the vertex 
of the cone. Draw a plan showing the line of intersection of 
the surfaces ; also an elevation on a ground line inclined at 
50° to the plan of the axis of the cone. 

16. Draw an ellipse 4" x 2|", v^c being the minor axis 
and b its centre. Draw h a perpendicular to v^c, and 3" long. 
With centre a describe a circle 2 j" in diameter. Produce h a 
to meet the circle at t;i. The circle is the horizontal trace of 
a cone, having v^ for the plan of its vertex. The ellipse is the 
horizontal trace of a cone having Vi for the plan of its vertex. 
The height of Vi is 2^" and the height of Vj is 5". Show 
the plan of the intersection of the surfaces, and an elevation 
on a ground line parallel to ah. 

17. Two lines, ab,cdj each 4/' long, intersect at right angles 
at a point 1" from a and 1" from c. These lines are the major 
axes of two ellipses whose minor axes are each 2f " long. 
The ellipses are the horizontal traces of two cones. The cone 
having the ellipse c d for its horizontal trace, has the point h 
for the plan of its vertex. The other cone has the point d 
for the plan of its vertex. The altitude of each cone is 4f', 
Draw the plan of the cones showing their intersection ; also 
an elevation on a ground line parallel to the major axis of one 
of the ellipses. 

18. Draw two circles, 3'' and 4" diameter, their centres 
being '4" apart. The smaller circle is the plan of a right 
cone, axis 2*8" long. The larger circle is the plan of a 
cone, altitude 1*8", having the plan of its vertex at a point 
1*2'' from the centre of the smaller circle and *9" from that of 
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the larger. Both cones stand on the H.P. Show the inter- 
section of the two cones. 

19. Draw a triangle, sides 1^", If", and 2''. With the 
centre of the circumscribing circle and a radins of 1 j" describe 
a circle. The circle is the plan of a sphere, and the triangle 
the plan of a vertical slot cut in it. Draw an elevation of the 
sphere on a ground line parallel to the shortest side of the 
triangle. 

20. The base of a pyramid standing on the H.P. is an equi- 
lateral triangle of 2" side. The plan of the apex of the pyramid 
is at the middle point of one side of its base. Altitude 
2^'. A sphere, 2" diameter, resting on the n.P., has the 
plan of its centre at the centre of the base of the pyramid. 
Draw the plan of the solids and an elevation on a ground line, 
making 70° with that side of the base of the pyramid which 
contains the plan of its vertex, showing their intersection. 

21. A sphere 3" diameter stands on the H.P. A square 
pyramid — side of base 2^", altitude 4^" — also stands on the 
H.P. The axis of the pyramid is ^" from the centre of the 
sphere. Draw a plan and an elevation on a V.P. parallel to 
the plane containing the axis of the pyramid and the centre 
of the sphere, one side of the base of the pyramid being in- 
clined at 30° to X Y. 

22. A surface is generated by an ellipse 3" x 2'', rotating 
about its minor axis, which is vertical. A vertical cylinder 
has an ellipse 3" x 2" for its base, which is in the H.P. The 
centre of the plan of the cylinder coincides with the centre 
of the circle, which is the plan of the surface of revolution. 
Draw an elevation showing the intersection of these two sur- 
faces on a ground line, inclined at 40° to the major axis of the 
plan of the cylinder. 

23. In fig. 157, a 2>, a'V are the projections of a surface of 
revolution. The points v xf are the projections of the vertex 
of a cone, whose horizontal trace is an ellipse 4" x 2|'', of 
which c (2 is the major axis. Show the plan and elevation of 
the intersection of the two surfaces. 

24. A right circular cylinder, 2^" in diameter, and a right 
circular cone — ^base 2|" diameter, axis 3" — stand on the 
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horizontal plane with their axes vertical. The centres of their 
bases are 1^^' apart, and are in a line inclined at 30° to X Y. 
DriEiw the elevation of the two solids, showing the line of 
intersection of their surfaces. 

25. A sphere 3" diameter is cut by a cylinder 1^" diameter. 
The axis of the cylinder (which is vertical) is |" from the 
centre of the sphere. Show an elevation of the sphere on a 
plane inclined at 30° to the plane containing the axis of the 
cylinder and the centre of the sphere. 

26. A prolate spheroid, a meridian section of which is an 
ellipse 3^'' x 2^'', has its axis vertical. A second equal 
spheroid has its axis inclined at 50°, and the upper extremity 
of that axis coinciding with the upper extremity of the axis 
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Fig. 158. 





of the first. Draw a plan and an elevation on a plane parallel 
to the axes of the solids, showing their intersection. 

27. Determine the intersection of the solids given in the 
preceding exercise, when the axis of the second is inclined at 
60°, and is moved backwards J" from the axis of the first ; the 
upper extremities of the axes remaining at the same height 
from the horizontal plane. 

28. Fig. 158 shows the plan of a horizontal square prism 
intersecting a vertical hexagonal prism. The side of the 
hexagon is 1^". Each prism is 3" long and the axis of the 
square prism is IJ" above the base of the hexagonal prism. 
Draw an elevation of the solids on X Y, showing their inter- 
section. 

29. The plan of a right triangular prism intersecting a 
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yettical hexagonal prism, standing on tlie H.P., is given 
(fig. 159). The ends of the triangnlar prism are equilateral 
triangles of 2^'' side, and its axis is inclined at 30° to the H.P. 
The length of each prism is 4J". The edge A B is in the 
H.P. ; side of hexagon IJ". Draw an elevation on X Y. 

80. Eig. 160 shows the plan of a horizontal square prism 
and a pentagonal pyramid. The base of the pyramid and 
one edge of the prism are on the H.P. Side of pentagon 
1*5" ; height of pyramid 3" ; length of prism 3". Draw 

Fio. 169. Fig. 160. 





the plan and an elevation on a ground line parallel to ah, 
showing in both projections the intersection of the surfaces of 
the solids. 

31. A solid is formed of two equal right hexagonal 
pyramids. Bases of pyramids 1^" side, axes 3^' long. The 
axes of the pyramids cut each other at right angles at a point 
1|" from the vertex of each pyramid. One pyramid stands 
with its base on the H.P., and has one side of that base 
parallel to a horizontal side of the base of the other pyramid. 
Draw a plan of the solid and an elevation on a Y.P., making 
an angle of 30° with the plane of the axes of the pyramids. 
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CHAPTER XVII. 

PEOJECTION OP SHADOWS. 

In a homogeneous mediam light travels in straight lines, and 
in this chapter it will always be assumed that the medium 
through which the light passes is homogeneous. 

1£ an opaque body be placed before a source of light, part 
of the surface of the former will be illuminated and the 
remainder left in darkness. Also a portion of the light from 
the luminous body will be intercepted, and a portion of the 
space behind the opaque body will be in darkness. This dark 
space behind the opaque body is called the shadow of that 
body. The surface which bounds the shadow is the shadow 
surface, and the line on the sur^e of the opaque body which 
separates the illumined from the unillumined part is the shade 
line. 

It is evident that the shadow surface is a ruled surface, 
and that its directrix is the shade line. 

The intersection of the shadow surface with any other 
surface which it meets is the cast shadow of the opaque body 
on that surface, but generally the cast shadow is called simply 
the shadow. 

The outline of the cast shadow of an opaque body is 
evidently the cast shadow of its shade line. In general the 
cast shadow is best determined by first finding the shade line, 
and then the cast shadow of that line ; especially is this the 
case when the surface upon which the shadow is cast is other 
than a single plane. 

The rays of light may be parallel, or they may diverge 
from a point or converge to a point. If the light comes from 
a great 'distance, as from the sun, the rays are practically 
parallel. If the light comes from a point, which is practically 
the case when the luminous body is very small, the rays 
diverge from that point in all directions. Bay's of light may 
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be made to converge to a point by aid of a reflector or a lens 
of suitable form. 

It will always be assnmed that the beam of light is large 
enough to embrace the whole of the object whose shadow we 
wish to determine. 

PROBLEM 146. 

To dstermine the cast shadow of a point. 

Draw the projections of the ray of light which is inter- 
cepted by the given point, and determine the point of inter- 
section of the ray with the surface upon which the shadow is 
cast. This point of intersection is the shadow required. 

It is understood that any surface upon which a shadow is 
cast is an opaque surface. Hence a point can only have one 
shadow with one system of illumination, and a ray of light 
which meets one co-ordinate plane cannot meet the other, 
although the line which represents it may have both a hori- 
zontal and a vertical trace. 

PROBLEM 147. 
To determine the oast shadow of a line, straight or curved. 

If the line is a straight line, then, whether the rays of 
light are parallel or proceed from a point, it is evident that 
all those which meet the line are in the same plane, so that 
the shadow cast by the line on any surface will be a portion 
of the line of intersection of this plane with the surface. The 
extremities of the cast shadow of the line will be at the cast 
shadows of its extremities. 

If the shadow of the straight line is cast on a single plane, 
determine the shadows of its extremities by the last problem, 
and then join them for the required cast shadow. 

If the line is a curved line, and the rays of light are 
parallel, all those rays which meet the line will lie on a 
cylindrical surface ; but if the rays all proceed from a point, 
those which meet the curved line will lie on a conical surface. 
The intersection of the fore-mentioned cylindrical or conical 

11. H 
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surface with the surface which receives the cast shadow is the 
cast shadow required. 

Generally when the line is curved we determine its cast 
shadow by finding, by the preceding problem, the cast shadows 
of a number of points in the line, and then drawing a fair 
curve through these. 

The student should remember the following simple case. 
The cast shadow of a circle on a plane parallel to the plane of 
the circle is a circle whose centre is at the cast shadow of the 
centre of the given circle. The diameter of the circle which 
forms the cast shadow will be greater than, equal to, or less 
than the diameter of the given circle according as the rays 
of light are divergent, parallel, or convergent. 



PROBLEM 148. 

To determine the cast shadow of a solid having plane faces. 

It is evident that one part of a face cannot be in light and 
another part in shade. Hence the shade line must be made 
up of the edges of the solid. Those edges which make up the 
shade line can very often be determined by simple inspection. 
If there is a doubt as to whether a particular edge is a portion 
of the shade line or not, draw the projections of a ray of light 
through any point in it, and determine whether it leaves the 
faces of which the edge in question is the intersection on the 
pame or on opposite sides. This is done by finding the traces 
of the faces and also the traces of the line which represents 
the ray of light. If both traces of the ray fall outside the 
traces of the faces, then the ray leaves the faces on opposite 
sides and the edge is a portion of the shade line. But if one 
or both of the traces of the ray fall within the traces of the 
&ces, the ray leaves the fe<^s on the same side, and the edge 
is not a portion of the shade line. 

Having determined the shade line, its cast shadow, which 
is the outline of the cast shadow required, can be determined 
by the preceding problems of this chapter. 

Instead of first determining the shade line we might 
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determine the shadow cast by each edge, and then neglect 
those which &11 within the boundary line of the fignre which 
is obtained. 

We might here point out that the cast shadow of an 
object is the outline of a parallel or conical projection of it, 
according as the rays of light are parallel, or proceed from 
or to a point. 

PROBLEM 149. 

To determine the sliadow, of a cylinder. 

The shade line will consist generally of two straight lines 
and two curved lines. The straight lines are the lines of 
contact of the tangent planes to the cylinder, parallel to the 
rays of light or passing through the luminous point. 

Conceive a plane to contain these straight lines. This 
plane will divide each end of the cylinder into two segments, 
and the curved boundary line of one of these segments on 
each end will constitute the curved parts of the shade line. 
Those segments of the ends which must be taken for the 
shade L'ne will usually be evident from inspection. 

In the particular case where the rays of light diverge 
from a point within the surface of the cylinder produced, the 
shade Une will be the outline of that end of the cylinder 
which is nearest to the luminous point. 

Having determined the shade line^ the shadow oast by the 
cylinder on any given surface can be determined by Problem 
147. 

PROBLEM 150. 

To determme the shadow of a cons. 

The shade line in this case consists generally of two 
straight lines and one curved line. The straight lines are the 
lines of contact of the tangent planes to the cone parallel to 
the rays of light or passing through the luminous point. 

A plane containing these straight lines will divide the 

base of the cone into two segments, and the curved boundary 

line of one of these will be the curved part of the shade 

h2 



100 DESCRIPTIVE GEOMETRY. 

line. The segment of tHe base which must be taken for the 
curved part of the shade line will usually be evident from 
inspection. 

In those cases where tangent planes cannot be determined 
parallel to the rays, or containing the luminous point, i,e. when 
the line which represents the ray of light which meets the 
vertex passes inside the surface of the cone, the shade line will 
simply consist of the whole outline of the base of the cone. 



PROBLEM 161. 

To determine the shadow of a sphere. 

If the rays of light are parallel the shade line will be the 
line of contact of the enveloping cylinder, whose axis is parallel 
to the direction of the rays of light. This cylinder is de- 
termined by Problem 112, and its intersection with any given 
surface will be the outline of the cast shadow of the sphere on 
that surface. 

If the rays of light proceed from a point, the shade line 
will be the line of contact of the enveloping cone whose vertex 
is at the luminous point. This cone is determined by Problem 
113, and its intersection with any given surface determines 
the cast shadow of the sphere on that surface. 

PROBLEM 162. 

To determine the shadow of a surface of revolution. 

This is just an application of Problem 129 or Problem 130, 
according as the rays are parallel or divergent. 

EXERCISES. 

1. A square of 1" side is horizontal and J" above the 
horizontal plane, one side being in the vertical plane. Show 
the shadows thrown by this squai*e on the co-ordinate planes. 
Both projections of the rays of light make 46® with X T. 
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2. Draw a square, a'Vdd'y of V side, the lowest side, a'h'^ 
being y above X Y. Join aV. a'Vd is the elevation of a 
triangle whose plane is parallel to, and V* in front of, the 
vertical plane, dl is the elevation of a point which is 2\" in 
front of the vertical plane. Determine the shadows cast by 
the triangle A B C* on the planes of projection, the rays of 
light all coming from the point D. 

3. The traces of a plane both make 45^ with the ground 
line. A circle 2f' in diameter, whose plane is horizontal and 
1-^^' above the horizontal plane, touches this inclined plane. 
Show the plan and elevation of the cast shadow of the circle 
on the inclined plane, the rays of light being perpendicular to 
that plane. 

4. Determine the shadow cast by a cube of 1^'' edge on 
the horizontal plane, its base being horizontal and 1^' above 
the horizontal plane. The rays of light to be parallel to one 
diagonal of the solid. 

5. Determine the shadows cast by the following solids on 
the horizontal plane ; the rays of light being parallel and in- 
clined at 45° to X Y in plan and elevation. 

(a) A hexagonal prism (edge 1'^, axis 1^'')' ^^^ vertical, 
base ^" above the horizontal plane, and one rectangular face 
inclined at 10° to the vertical plane. 

(li) A tetrahedron, edge \"y base f above the horizontal 
plane ; one side of base parallel to the vertical plane. 

6. A tetrahedron, of \\" edge, has its three lowest angles 
0*4", 1", and 1*3" respectively above the horizontal plane. 
Show the shadow thrown by it upon that plane, assuming 
the rays of light to be inclined at 45°, and* their plans to 
make an angle of 45° with the horizontal trace of the plane 
containing the three given points. 

7. A hexagonal prism (base \\" side, height 1^'') stands 
on the horizontal plane, with one face inclined at 15° to the 
vertical plane. The nearest vertical edge is \" from the 
vertical plane. Show the shadow thrown on the horizontal 
and vertical planes by rays of light whose projections make 
45° with the ground line. 

8. Draw two squares of 1^'' side, so that a side of one co- 
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incides with a side of the other. These squares are the bases 
of a cube and a right pyramid both standing on the horizontal 
plane. Altitude of pyramid 2^". Determine^ the shadow cast 
by the pyramid on the cube ; also the shadow cast by each on 
the horizontal plane. The rays of light to be inclined at 45®, 
and their plans to be parallel to the line joining the centre 
of one square vdth one of the farthest-away comers of the 
other. An elevation to be drawn on a ground line parallel to 
the plan of a ray of light. In both views the parts of the 
surfaces of the solids in shade must be shown. 

9. Draw two hexagons of IJ" side, their centres being 
S^'^ apart and a diameter of each perpendicular to X Y. One 
hexagon is the base of a right prism, and the other is the base 
of a right pyramid. Both stand on, the ground. Altitude of 
each solid 4/^, Determine the shadow cast by the prism on 
the pyramid, and the shadows of both on the ground. The 
elevatioDS of the rays of light make 60** and their plans 20** 
with X Y. In both plan and elevation the parts of the 
surfsices in shade are to be shown. 

10. A solid is formed by the junction of a right cone and 
a right cylinder. Diameter of the base of each 2*6", axis of 
cylinder 3", of cone 1*75''. Draw plan of solid when the base 
of the cylinder touches the horizontal plane, and the common 
axis is inclined at 59°. Add the shadow thrown by rays x>f 
light, making in direction an angle of 40° with the plan of the 
axis and having an inclination of 55°. 

11. A right cone, base 2^' diameter, axis 2*5'', has its base 
horizontal, and V^ above the ground. Determine the cast 
shadow of this cone on the ground, the rays of light being 
parallel and inclined at 50°. 

12. A cylinder, 2" in diameter and 2" long, lies on the 
horizontal plane with its base in the vertical plane. Show 
the shadow thrown by this solid on each plane of projection 
by rays of light whose plans and elevations make 45° with 
the ground line. 

13. A right cone, base 3" diameter, axis 3*5", lies with its 
slant side on the horizontal plane. Determine its shadow 
when the rays of light forming it are inclined at 43°, and 
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make in direction an angle of 35° with the plan of tbe axis. 
The base of the cone to be in shadow. 

14. A cylindrical square-headed bolt has the following 
dimensions. Diameter of shank 1*7" ; length of shank 1*8" ; 
thickness of head -8" ; width of head 2 -3'. This bolt stands 
with its circular end on the ground and one face of the head 
parallel to the vertical plane. Determine in elevation the 
shadow cast by the head on the shank, and also that cast by 
the whole solid on the horizontal plane. In plan the rays of 
light make 23° with the ground line, and in elevation 40°. 

15. A cylinder, 1^" in diameter, lies on the horizontal plane ; 
a cone — ^base 2*3'' diameter, altitude 3*7'' — ^hasits base on the 
horizontal plane. Show the shadow of the cone thrown on 
to the cylinder by parallel rays of light inclined at 38° to the 
horizontal plane, their plans making 68° with the plan of the 
axis of the cylinder. 

16. A right circular cylinder, 1*8" diameter and3*5" long, 
stands on the horizontal plane. A plane inclined at 56° has 
its horizontal trace 1'' from the centre of the base of the 
cylinder* Draw a plan of the shadow cast by the cylinder on 
the inclined plane, and an elevation of it on a ground line 
making 52° with the horizontal trace of the plane. The rays 
of light are parallel and inclined at 55°, and their plans make 
40° with the horizontal trace of the plane. 

17. A sphere, diameter 2*5", stands on the horizontal 
plane. Draw the shadow on that plane projected by rays 
from a luminous point 2*5'' high, and in plan distant 2*25 
from the plan of the centre. Show also the boundary between 
light and shade on the sphere. 

18. A sphere of 25" diameter rests on the horizontal plane. 
Its shadow, produced by rays of light diverging from a lumi- 
nous point, is a parabola, the distance between whose focus 
and vertex is '75". Determine the position of the luminous 
point, and draw a portion of the parabola. 

19. Determine the shadow cast on the horizontal plane by 
the solid of revolution given in Exercise 23, Chapter XVI. ; 
also the outline of the shaded portion of the solid. The rays 
of light in plan and elevation make 45° with the ground line. 
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CHAPTER XVIII. 

MISCELLANEOUS FBOBLEMS. 

Trihedral Angles. — The angle formed by three planes meei>-> 

ing at a point is called a trihedral angle. The angles between 

the lines in which the three planes intersect are the sides or 

faces, and the dihedral angles between the planes are the angles 

pj^ jgj of the trihedral angle. Thus, in fig. 

3 * 161, the three planes SLM, SMN, 

yiy . and S N L form at S a trihedral angle. 

// \ The plane angles L S M, M S N, and 

/ \ N S L are the sides of the trihedral 

y I \ angle S, and the dihedral. angles be- 

^ I \^ \ tween these are its angles. 

^ ">'-X--^"^.^^ If a sphere be placed with its 

l^ centre at S, the three planes which 

form the trihedral angle will intersect 
the surface of the sphere in three great circles, which will 
intersect one another and form what is called a spherical 
tria/ngle. 

The sides and angles of a spherical triangle are the sides 
and angles of the trihedral angle which it subtends at the centre 
of the sphere. Hence the solution of a spherical triangle is 
just the solution of a trihedral angle. 

If from a point, (fig. 161), perpendiculars O P, Q, and 
ORbe let fall on the faces SLM, SMN, and SNL of the 
trihedral angle S, these will be the edges of a trihedral angle, 
O, which has the remarkable properties that its angles are the 
supplements of the sides of the angle S, and its sides are the 
supplements of the angles of the angle S* The trihedral angles 
O and S are therefore called supplementary. The following 
notation is used to denote the elements of trihedral angles or 
of spherical triangles. The three angles are denoted by the 
capital letters A, B, C, and the three sides by the italic letters 
a, h, c, the Mes a, h, and c being opposite the angles A., B, ami 
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C respectively. The elements of the supplementary trihedral 
angle are denoted by the same letters accented: thus the 
angles are A', B^ C, and the sides a'y h'j d. 

The relations between the elements of two trihedral angle9 
which are supplementary may be thus expressed : — 

A' = 180** - a) o' = 180^ - A) 

B' = 180** - l\ (1) V = 180'' - B . (2) 

C = 180** - c) (/ = 180** - C.^ 

These equations may be put in the form — 

a = 180** - AM A = 180° - d \ 

h = 180° - B'K3) B = 180° - Z/ I (4) 

c = 180° - C'J C = 180° - d.) 

Any three of the six elements of a trihedral angle being 
given, the other three can be found. There are in all six cases 
to consider: (1) Given the three sides. (2) Given two sides 
and the angle between them. (3) Given two sides and the 
angle opposite to one of them. (4) Given the three angles. 
(5) Given one side and the two adjacent angles. (6) Given 
one side, an adjacent angle, and an opposite angle. 

By means of the properties of the supplementary trihedral 
angle, cases (4), (5), and (6) may be reduced to cases (1), 
(2), and (3) respectively. In solving case (4), find by case 
(1) the angles of the trihedral angle which has its sides equal 
to the supplements of the given angles, then the supplements 
of the angles found will be the sides required. Or we may put 
it briefly thus : Given A, B, and C, find from equations (2) a\ 
6', and d ; next, by case (1) find A', B', and C ; then by equa- 
tions (3) find a, 6, and c. 

In case (5) suppose a, B, and G given ; from equations 
(1) and (2) find A', 6', and </ ; next by cfiwe (2) find a', B', 
and C' ; then by equations (4) and (3) find A, h and c 

In like manner case (6) is reduced to case (3). 

In the next three problems cases (1), (2), and (3) are 
solved. 



106 DESCRIPTIVE GEOMETRY. 



PROBLEM 153. 

€Uven the three sides of a trihedral cmgle^ to determine the three 
angles. 

Let one of the faces, 5, lie on the horizontal plane, and let 
the other two, a and c, be constructed into that plane, as shown 
in fig. 162. Make .S L^ = S L2. Draw L^Z perpendicular to 
S M, and Jjil perpendicular to S N to meet the former per^ 
pendicular at Z. Join S I. The three lines S Z, S M, and S N 
will form the plan of the trihedral angle when the face h is 
horizontal. 

We have here supposed the &oes a and c to revolve about 
the edges S M and S N respectively until the lines S L| and 

Via. 162. 



S L2 coincide. It is evident that the point L^ will describe 
an arc of a circle whose plan is the straight line LjZ ; also the 
point L2 will describe an arc whose plan is L2 Z ; and since 
L| and L2 are equidistant from S, I will be the plan of the 
point where they meet, and S I the plan of the edge between 
the faces a and e. 

To determine the angles A and G, draw I Z/ perpendicular 
to L| Z, and Z Z2' perpendicular to L2 Z. With Q as centre, and 
Q L) as radius, describe an arc to cut Z li at Z/, and with B as 
centre, and B L2 as radius, describe an arc to cut Z Z2' at Z2' ; 
join Z/Q and Zj'B. Z/Q Z is the angle C, and Z2'B Z the angle 
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A. It is evident that when the face a is brought into its 
natural position, the line L^Q in that fiEtce will remain perpen- 
dicular to S M ; also the line Z Q in the face h is perpendicular 
to S M ; therefore the angle Z|'Q Z, which is the angle between 
these lines, will measure the angle between the faces a and h ; 
that is, the angle C. In like manner the angle l%Bt I is the 
angle A. 

To find the angle B, draw L|M perpendicular to S L|, and 
LjN perpendicular to S L2. With centre N, and radius N L2, 
describe an arc to cut S Z at L3 ; join L3 to M and N. M L3N 
is equal to the angle B. It is evident that, when the faces 
a and are brought into their natural positions, the lines 
LjM and L2N lying in these faces will be perpendicular to 
their line of intersection, and therefore the angle between 
them, which is equal to the angle M L3N, will be equal to the 
angle B* 



PROBLEM 154 

Owen two sides of a trihedral anngle^ and the a/ngle between them, 
to determme the third side and the other angles, 

Tjet a and h be the given sides or faces, and C the angle 
between them. 

Construct the faces a and h on the horizontal plane, as 
shown in fig. 163. Draw LiZ perpendicular to SM at Q; 
make the angle Zi'QZ equal 
to 0. Make Q Z/ = Q Lj, and 
draw Z|'Z perpendicular to L|Z 
to meet the latter at Z. Join 
S I The lines S Z, S M, and 
SN form the plan of the tri- 
hedral angle when the face h is 
horizontal. 

To determine the &r0e c, 
draw I L2 perpendicular to S N. 

With centre S, and radius S L|, describe aa aro to cat ZLj at 
L2. LgS N is the third face, e. 




108 



DESCRIPTIVE GEOMETRY. 



The angles A and B are determined exactly as in the pre- 
ceding problem. 

After the explanation which has been given of the pre* 
ceding problem, the student will have no difficulty in under- 
standing the theory of this one. 



PROBLEM 165. 

Oiven two sides of a trihed/ral angle^ and the angle opposite to one 
ofthemy to determine the third side and the other angles. 

Let a and b be the given faces, and A the given angle. 

As before, construct the given faces on the horizontal plane. 

Take a. ground line, X T, perpendicular to S M. From M 
draw M R perpendicular to S N. With M as centre, and M R 
as radius, describe the arc R R2 to meet X Y at R2. Make 

FiO. 164 




the angle MR2V' equal to the angle A. VN will be the 
vertical trace of the face c, S N being its horizontal trace. 
Now let the face a revolve about SM. Since SM is per- 
pendicular to XY, the elevation of the circle described by 
L| will be a circle having a radius equal to M Lj, with M 
as centre. Let this circle cut V'N at Z'. The line VM. will 
be the vertical trace of the &ce a when it is in its natural 
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position, and S M is its horizontal trace ; therefore, if a per- 
pendicalar be let fall from {' to X Y to meet the latter at l, the 
line I S will be the plan of the intersection of the faces a and 
c. Hence the lines SI, S M, and S N forfn the plan of the 
trihedral angle when the &ce b is horizontal. The third face 
c is determined as in the preceding problem. The angles B 
and C are found as in Problem 153. 

As the arc LiZ' will generally meet the line V'N at two 
points, there are generally two solutions for this problem. It 
is therefore called the ambiguous case. 



FlO. 160. 



Solids inscribed in the sphere. — ^A solid is said to be in- 
scribed in a sphere when all its angular points are on the 
surface of the sphere. 

In fig. 165 are shown constructions for finding the length 
of an edge of each of the five 
regular solids when inscribed 
in a sphere of given diameter. 
. A B is the diameter of the 
sphere. On this a semicircle 
is described. 

Take AE = frds of AB, 
and therefore BE = ^rd of 
A B ; draw E F perpendicular 
to A B to meet the circle at F ; 
join AF and BF, AF is the 
edge of the inscribed tetrahe- 
dron, and B F is the edge of 
the inscribed cube. 

C being the middle point of A B, draw D perpendicular 
to A.B to meet the circle at D ; join AD. A D is the edge of 
the inscribed octahedron. 

Draw AG at right angles to A B, and equal to AB; draw 
C O cutting the circle at H ; join AH. AH is the edge of 
the inscribed icosahedron. 

Draw F K perpendicular to B F, and equal to half of B F ; 
join B K, and make K L = K F. B L is the edge of the in- 
scribed dodecahedron. 
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The following facts slionld be remembered. 

The plane containing one edge of a tetrahedron and the 
centre of the circumscribing sphere bisects the opposite edge 
at right angles. 

A rectangle which has for its diagonals two of the 
diagonals of a cnbe is inscribed in a great circle of the circum- 
scribing sphere. 

The octahedron can be broten up into two square pyra- 
mids in three different ways, and if this solid is inscribed in a 
sphere, the square bases of all these pyramids will be inscribed 
in great circles of the sphere. 

Solids circumscribing the sphere, A solid is said to cir- 
cumscribe a sphere, or a sphere to be inscribed in a solid, when 
the faces of the solid are all tangential to the surface of the 
sphere. 

A plane bisecting the angle between any two faces of the 
solid passes through the centre of the sphere. 

In the case of the five regular solids, the centres of the 
inscribed and circumscribing spheres coincide 

The cylinder J cone, and sphere in contact If two cylindeis 
or two cones, or a cylinder and a cone, touch one another, they 
will do so either along a straight line or at a point. If the 
cylinders and cones are surfaces of revolution, and touch one 
another along a straight line, the line of contact and the axis 
of the surfaces are in the same plane. "When two cylinders 
touch one another at a point the common perpendicular to 
their axes passes through the point of contact. 

If a sphere touch a cylinder or cone, it will do so at a 
point, and if the cylinder or cone be a surface of revolution, 
the centre of the sphere, the point of contact, and the axis of 
the cylinder or cone are in the same plane. 

If two spheres touch one another, the point of contact and 
the centres of the spheres are in the same straight line. 
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PROBLEM 156. 



To Ara/w the projections of fimr spheres, each one touching the 
other th/ree, and three cf them resting on the horizontal pla/ne. 

Denote the spheres or their centres by A, B, C, and D, 
the first three spheres being on the horizontal plane. Let 
.their radii be rj, r^, r^, and r^ respectively. 

1st. To determine the projections of the three spheres 
resting on the horizontal plane. 

If the centres of the spheres A, B, and C be joined, a 
triangle is formed whose sides are equal to the snm of the 
radii of the spheres taken two at a time ; that is, the sides will 
be equal to rj + r^, r^ + r^, and r^ + ri. The angular points 
of this triangle will be at a distance from the horizontal 
plane equal to the radii of the spheres ; that iF, equal to rj, r^, 
and r^. Hence the projections of this triangle can be de- 
termined by Problem 74. Then, having got the projectious 
of the centres, the projections of the spheres can at once be 
drawn. 

We may also proceed as follows. Draw first the projec- 
tions of the sphere A, a, a' being the projections of its centre. 
The distance between the centres of A and B is equal to the 
sum of their radii ; the height of the centre of A is known as 
also that of B ; it is therefore a simple problem to determine 
the length of the plan of the line joining the centres of A and 
B. Hence the projections of the centre of B can be drawn ; 
let them heb,I/. If the projections of the centre of G are 
c, cf, we can in like manner determine the length of a c, also 
the length otbc; therefore, if with centre a and radius a c an 
arc be described, and with centre h and radius h c another arc 
be described to cut the former arc at c, the plan of the centre 
of G is determined. Hence the projections of the spheres 
A, 6, and G can be drawn. 

2nd. To determine the pi^jections of the fourth sphere. 

The centre D of the fourth sphere will be at a distance 
Vi +r4 from the centre A of the first sphere, and at a distance 
r^+r^ from the centre B of the second sphere. Gonceive the 
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triangle A B D to rotate about the side A 6, which remains 
fixed ; the point D would describe a circle which would be the 
locus of the centres of all the spheres, which would touch the 
surfaces of the spheres A and B, and have radii equal to r^. 
Draw the plan of this circle, which will generally be an 
ellipse. To determine the axes of this ellipse, take an auxiliary 
elevation of the spheres A and B on a vertical plane contain- 
ing their centres ; let aihi be the auxiliary elevations of these 
centres. On ai't/ construct a triangle, a^'hi'd^^ in which 
aj'd2'=ri+^4» and hi'd^^^r^-Vr^. Draw djjp' perpendicular 
to tti'^i', meeting the latter atp/. Draw jpj'p perpendicular 
to a 2) to meet the latter at p, p is the plan of the centre of 
the circle, and is therefore the centre of the ellipse. Through 
p draw the major axis of the ellipse at right angles to a 5, and 
equal to twice d^p^. Draw d^d^ perpendicular to a 6, to 
meet the latter at d^^, pd^ is the semi minor-axis. 

In like manner the plan of a circle is determined which 
is the locus of the centres of all spheres equal to the sphere 
D, and which touch the spheres A and C. 

The two circles whose plans are thus determined will 
intersect at two points, one on each side of the plane contain- 
ing the centres of the spheres A, B, and C. The plans of these 
points are determined by the intersection of the ellipses, which 
are the plans of the circles, and their distances from the 
horizontal plane can be found by aid of one of the auxiliary 
elevations. 

That the circles which we have been considering cannot 
cross one another without intersecting is evident when we 
consider that each lies on the surface of a sphere whose centre 
is at A and radius equal to A D. 

EXERCISES. 

Solve the trihedral angles given in Exercises 1 to 10 in- 
clusive. 

1. a = 65°; 6 = 50°; c =40°. 

2. a = 75° ; 6 = 90° ; c = 80°. 

3. a =40°; & = 58°; C = 90°. 
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4 


o= 70°; 


, 6= 50°; 


, C = 120°. 


5. 


a= 60°; 


6= 80°; 


, C= 45°. 


6. 


a= 50°: 


; 6= 70°; 


; A= 45°. 


r. 


a ^ 120° 


i b = 65°; 


1 A =100°. 


8. 


A=120°; 


1 B=: 45°; 


1 =s 40°. 


9. 


o = 100°; 


1 B = 120°; 


; C = 125°. 


10. 


a= 60 ; 


A= 70° 


; C = 100°. 



11. Draw the plan of a cube, inscribed in a sphere of 3'' 
diameter, resting on the horizontal plane. One angle of the 
oube^to be at a height of 2*75'^ above the horizontal plane. 

12. Draw a circle 3^' in diameter, and take a point, a, 1^'^ 
from its centre ; through a draw a line, a &, making an angle 
of 60^ with the diameter of the circle passing through a. 
The citcle is the plan of a sphere ; a is the plan of one angular 
point of a cube, and a b the indefinite plan of an edge of the 
cube. The cube being inscribed in the sphere, complete its 
plan. 

13. Referring to the preceding exercise, take a 5 as the 
indefinite plan of an edge of an octahedron, a being the plan 
of one angular point, and complete the plan of the octahedron, 
supposing it to be inscribed in the sphere. 

14. Referring to Exercise 12, take a as the plan of one 
angular point, and a 5 as the indefinite plan of an edge of a 
tetrahedron inscribed in the sphere, and complete its plan. 

15. Determine the edge of a tetrahedron circumscribing a 
sphere of 2*5" diameter. 

16. YABGisa right triangular pyramid. ThebaseABG 
has AB=2 5", BO =275", A = 2". Altitude = 25". 
Determine radius of inscribed sphere. 

17. A cylinder, 1| ' diameter, lies on the horizontal plane. 
A point which is 2*5" above the horizontal plane has its plan 
1^" from the plan of the axis of the cylinder. Draw the 
plan of a sphere which, having the given point for its centre, 
touches the cylinder, and mark the point of contact. 

18. The axes of two equal cylindrical surfaces are inclined 
in opposite directions at 25° and 50° ; the line perpendicular 

II. I 
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to both these axes is 3" long, and inclined ats35®. Draw tlie 
plan of the cylinders, showing the point of contact. 

19. Two lines, a b and c d, bisect each other at an angle of 
85°. a h is 4/\ and o d 3^" long. These lines are the plans 
of the axes of two equal cylinders which touch one another. 
The heights of the points A, B, 0, D, are 7", 2-8", 34'', 4-5" 
respectively. Draw the plans of the cylinders. You need 
not show the ends. 

20. Make an elevation of a pile of foxir round shot, 6" in 
diapaeter, three of them forming the base, and touching on& 
another, and the fourth resting upon them. (Scale ^.) 

21. Three spheres, whose radii are '4", •?", and 1-5" 
respectively, stand on the ground, each one touching the other 
two. Draw the plan of them. 

22. Draw three spheres touching one another, radii being 
•25", '5", '75 respectively, and determine a fourth sphere, 
radius -6", to touch all three. The three may be supposed to 
rest on the ground. 

23. Draw a triangle, a 6c (a6 = 2'6", fee = 1*6", ea=: 
2'7"). A right cone is lying on its side upon the horizontal 
plane, h is its vertex, and a & is the plan of its axis, which is 
inclined at 25°. The point c is the plan of the centre of a 
sphere, which also rests upon the horizontal plane, and which 
is in contact with the cone. Complete the plan. 

24. The plans of three points form a triangle, ahc; ah 
= 3i", he- 2\", ca^ 2f". The heights of the points A, 
B, and C are 1^", 4", and 2^" respectively. C is the centre 
of a sphere 2^" diameter, and A B is the axis of a cone which 
touches the sphere. Draw the plan of the cone, and show 
the point of contact. 

25. Explain in words how yon would determine a line to 
touch two given spheres, and have a given inclination. Next 
explain how you would determine a cylinder to touch two 
given spheres, and have its axis inclined at a given angle. 
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V 

THEORY OP PEESPECTIVB. 

The difference between perspectwef conical or radial projection, 
and orthograjphic projection is that, instead of the projectors 
being all perpendicular to the plane of projection, they con- 
verge to a point. 

The perspective projection of an object represents it as it 
wonld actually appear to the eye of an observer when placed 
at the point to which all the projectors converge. 

The plane of projection may be situated anywhere pro- 
vided it meets all the projectors, but it is generally assumed 
to be placed in a vertical position between the eye of the 
observer and the object, and perpendicular to the direction in 
which the observer is looking. 

Picture Plane. The plane of projection is called the 
picture plane. 

Station Point. The point to which all the projectors con- 
verge is called the station point. 

Method of drawing a perspective projection. One method of 
drawing the perspective of an object is as follows: — First, 
draw the orthographic projections of the object, station point, 
and picture plane, so that the latter is perpendicular to the 
ground line X Y, as shown in fig. 166, which shows the method 
applied to a square prism resting on the ground. 

Draw the plans and elevations of the conical projectors 
VA, VB, 4c. From V draw VC perpendicular to the 
picture plane. 

Take any convenient part of the paper upon which to draw 
the perspective. Mark a point, C, and draw the horizontal 
line H G, and the vertical line G P. Find a point, A', so that 
its distance from H C is equal to cfa\ and its distance from 
G P equal to c a. A' will be the perspective projection of the 
point A. In the same way find the perspective B' of B. 
A'B' is the perspective of the line A B. In like manner the 
perspective projection of all the lines of the object may be 
determined. 

12 
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Centre of Vision. The point C, the foot of the perpendicular 
from the station point to the picture plane> is called the centre oj 
vision. It will be observed that the centre of vision is the or« 
thographic projection of the station point on the picture plane. 

Horizontal Line. The horizontal line, drawn on the picture 
plane, through the centre of vision, is called the horizontal 
line, 

Fia. 166. 







Qrownd Line. The intersection of the picture plane with 
the ground is called the ground line^ pidv/re line, or hose line. 

Vertical Plane. The plane perpendicular to the ground, and 
conteiining the station point and centre of vision, is called the 
vertical plane. 

Vertical Line, The line of intersection of the vertical and 
picture planes is called the vertical Une. 

The method illustrated in fig. 166 can be very much ab- 
breviated by an application of the principles explained in the 
remainder of this chapter. 

If Y is the station point, the centre of vision, P a given 
pointf p' its orthographic projection on the pici/wre pla/ne^ and P' 
its perspective^ then OF : Py :: V : P^. 
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For V and P^ are each at right angles to the picture 
plane M N (fig. 167), and are therefore parallel to one another. 
The points V Cy and P are in one plane, and VP'P is a 
straight line ; therefore P' is in the same plane with the points 
V Cj?' and P. But C P' and p' are in the picture plane ; 
therefore G P'j9' is a straight line. 

Fia. 167. 




Fig. 168. 



Comparing the two triangles VOP', P'jp'P, the angle 
V C P' is equal to the angle Pp'P', each being a right angle ; 
also the angle G P'Y is equal to the angle jp'P'P, and the angle 
p'P F is equal to the angle G V P' ; therefore the two triangles 
are similar, and OF : Py :: C V : Pj?'. 

To find the perspective of a point 

Let G be the centre of vision, p' the orthographic pro- 
jection of the point on the picture plane. On the horizontal 
line G H make G D equal to the 
distance of the station point from 
the picture plane. Draw p'K. 
parallel to OH, and make p'K. 
equal to the distance of the point 
P from the picture plane. Join 
DK and pV. The point P' 
where those lines intersect is the perspective of the point 
P. For, comparing figs. 167 and 168, D is equal to V, 
and p'K is equal to Pp' ; and in fig. 168 it is evident that 
OF : py :: OD :yK; therefore OF : Fjp' :: OV : Pp', 
and therefore P' is the perspective of the point P. 
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^oint of Distance, The point 13, fig. 168, is called the 
foint of distance. 

The ^position of a point in space is given by stating its dis- 
tances from the ground and picture planes, and its distance to 
the right or left of the spectator. 

Example. To find the perspectives of the following points : — 
A 1" to the right of the spectator^ 1-|" a^ove the grotrnd^ and 2" 

behind the picture plane, 
B ^" to the left of the spectator^ 2J" above the grotmd, and 1 J" 

behind the picture plane. 
C 1^" to the left of the spectator^ on tlie ground^ and |" behind the 

picture plane. 
D 2" to the right of the spectator^ 2" above the ground, and in 

the picture plane, 
E in front of the spectator , \" above the grotmd, and 2^" behind 

the pictwre plane. 
F m front of the spectator, on the ground, and in the picture 

plane. 
Distance of station point from pictwre plane 3". Height of 
station point from groimd IJ". 



Fia. 169. 
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The construction will be understood from the figure. It 
will be noticed that the perspectives of the points D and F 
coincide with their orthographic projections on the picture 
plane. 

The perspectifve projections of pa/ralUl lines converge to a 
point. 
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Let P'Q', R'S' be the perspectives of the parallel lines 
P Q, R S respectively. 

Let VT be drawn parallel to P.Q or R S, and, if it meet 
the picture plane at all, let it meet it at T. Y T will be the 
^ne of intersection of the planes P Q V, R S Y. 

Since each of the points P', Q', and T are in the pictnre 
plane, and also in the plane 'PQY, they must all lie on the 
intersection of these two planes ; therefore P', Q', and T are 

Fig. 170. 














in the same straight line. Similarly, R', S', and T are in one 
straight line ; therefore P'Q' and R'S', the perspectives of the 
parallel lines P Q and R S, converge to the point T. 

Vanishing Pcdnt The point towards which the perspectives 
of parallel lines converge is called the vanishvng point of these 

lines. 

The following particnlar cases are worthy of notice : — 

a. When the lines are perpendicular to tiie picture plane, 
Y T will also be perpendicular to that plane, and T wiU coincide 
with the centre of vision. Thus ths perspectives of lines which 
are perpendiculao' to the picture plane converge towa/rds tlie centre 

of vision. 

b. When the parallel lines are parallel to the picture plane, 
YT will also be parallel to that plane ; therefore T will be 
at an infinite distance from Y — t.e. P'Q' and R'S' converge 
towards a point which is infinitely distant^ therefore they must 
be parallel. Thus the perspectives of parallel lines which are 
alsoparaUel to the picture plane are pa/raHel. 

c. When the parallel lines are horizontal^ Y T will also be 
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horizontal ; therefore T mnst lie on the horizontal line — Le. 
the persjpectwes of parallel Jwrizontal lines converge towards a 
povnt on the horizontal line, 

d. When the parallel lines are parallel to the vertical planOy 
V T will be in the vertical plane ; therefore T will be in the 
vertical line — i.e. the perspectives of parallel lines which are also 
parallel to the vertical plane converge towards a point on the 
vertical line, 

e. The perspectives of vertical lines a/re parallel to the vertical 
line, 

f The perspectives of horizontal Unes which are parallel to 
the pictwre pla/ne a/re parallel to tJie horizontal lin$, 

g. When the lines are horizontal and inclined at 45^ to the 
picture plane, Y T will also be horizontal and inclined at 45° 
to that plane ; therefore T will coincide with the point of dis- 
tance. Hence the perspedi/ves of horizontal lines which are m- 
cUned at 46° to the picture pla/ne converge towards the point of 
ddsta/nce. 

To determvne the vamshing point of a line. 
Take the picture plane and the horizontal plane containing 

the station point for the co- 
ordinate planes, and on these 
draw a plan, a &, and eleva- 
tion, a'h'j of the line whose 
vanishing point is to be 
found. H 0, the horizontal 
line, will be the ground line 
for this plan and eleva- 
tion. 

Make Ci; perpendicular 
to H 0, and equal to the dis- 
tance of the station point 
from the picture plane, v will be the plan of the station 
point, and C its elevation. 

Through v draw vt parallel to a&, meeting HC at ^. 
Through C draw C T parallel to a'b' to meet the perpendicular 
from ^ to H C at T. The point T is the required vanishing 
point. For T is the point in which a line through the station 
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Fig. 172. 



point parallel to tlie original line A B meets the pictnre plane ; 
therefore it is the vanishing point of that line. 

If the original line is horizontal, G T will coincide with 
HG, the horizontal line. Therefore T is on the horizontal 
line, and the plan v t makes an angle with the horizontcJ line 
eqnal to the inclination of the ori- 
ginal line to the pictnre plane. 

In this case, which is the most 
common in practice and the only one 
considered in elementary works on 
perspective, th^ constmction becomes 
as follows: — ^Draw vK parallel to 
HG, and draw vT, making the angle KvT equal to the 
inclination of the original line to the picture plane, meeting 
the horizontal line at T. The point T is the required vanish- 
ing point. 

To mark off a given length on a given line from a given point 
in it. 

Let S T (fig. 173) be the perspective of a line whose trace 
on the picture plane is S, and whose vanishing point is T. 

Fig. 173. 





As in fig. 171, V is the plan of the station point, and t; t the 
plan of the line which passes through the station point, and 
is parallel to the line of which S T is the perspective. 

With centre t and radius t v describe the arc v Y^ meeting 
H G, the horizontal line at Yq. T Yq is the real distance of 
the vanishing poiut T from the station point. Through T draw 
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T P parallel to H 0, and with T as centre, and TYiOS rftdias 
describe the arc V3P. 

Draw S M parallel to H C. Join P with A', the perspec- 
tive of the given point, and produce it to meet S M at L. 
Hake L M equal to the given length. Join P M, meeting S T 
at B'. A'B' will be the perspective of a portion of the given 
line which will be equal to the given length. 

The construction is much simplified when the original line 
is horizontal, for then T is on the horizontal line and t; T is 
equal to the true distance of T from the station point. The 
construction in this case is shown in fig. 174. 

F11&. 174. 




The theory of the construction shown in figs. 173 and 
174 will be understood by reference to ^g. 175, which shows 
a perspective view of the ground and picture planes, and all 
the lines of fig. 173 in their natural positions. 

In figs. 173, 174, and 175, the same letters are used to 
denote the same points. Y is the station point ; S A B the 
given line; T its vanishing point, and S its trace on the 
picture plane. V T is parallel to S A B, and the perspectives 
of all lines which are parallel to SAB or Y T will pass 
through T, as already explained and illustrated by ^g. 170. 

Similarly the perspectives of all lines which are parallel 
to Y P will pass through P. Now A L and B M are lines 
whose perspectives pass through P, therefore A L and B M 
are parallel to Y P. Hence, since S B is parallel to Y T, and 
BM to YP, the angle SB M is equal to the angle TY P. 

Again, since SM is parallel to TP and BM to YP, ihe 
angle ;d MB is equal to the angle T P Y. But T P is equal 
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to TV, therefore the angle TVP is equal to the angleTP V, 
and therefore the angle S B M is equal to the angle SMB. 
Hence S B is equal to SM. Similarly S A is equal to S L, 



Fig. 170. 




therefore AB is equal to LM. But LM is a line in the 
picture plane. Therefore if LM be made equal to A B, the 
construction shown in figs. 173 and 174 will give the per- 
spective A'B' of the length required. 

Measuring Point, The point P in the three preceding 
figures is called the measwring point for the vanishing point 
T. It is evident that each vanishing point can have two 
measuring points, one to the right and another an equal 
distance to the left. 
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EXERCISES. 

!• The station point being 5 feet from the gronnd and 12 
feet from the picture plane, show the perspectives of the 
following points. Scale ^ inch to a foot. 

A 10 feet to left of spectator, 5 feet within picture, and 2 feet 

above ground. 
B 7 feet to right of spectator, 3 feet within picture, and 4 feet 

above ground. 
G 9 feet to right of spectator, 9 feet within picture, and 9 feet 

above ground. 
D 8 feet to left of spectator, 12 feet within picture, on ground. 

2. The height of the eye is 6 feet, and its distance from 
the picture plane 13 feet. Draw the perspectives of the 
following lines to a scale of ^ inch to a foot. 

A B, 5 feet long, perpendicular to the picture plane, and 6 
feet to the right of the spectator ; the nearest end being 2 feet 
within the picture. 

CD, horizontal and parallel to the picture plane, 1 foot 
from ground and 1 foot within, one extremity 1 foot to the 
right and the other extremity 5 feet to the left of the spectator. 

E F, vertical, 9 feet long, lower end on ground, 6 feet to 
left and 2 feet within. 

3. Join the middle points of the perspectives of the lines 
given in the preceding exercise, and determine the true form 
of the triangle of which the triangle formed in this way is the 
perspective. 

4. Height of spectator 5^ ieet. Distance of spectator 14 
feet. Scale :]t in. ^ 1 foot. 

Put into perspective a square of 3 feet side when in eacn of 
the following positions: — 

(a) Lying on the ground, with the front side parallel to 
the picture plane and 1 foot within, the nearest comer being 
2 feet to left of spectator. 

(h) Lying on the ground, with the nearest comer 1 foot 
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to right and 1 foot witliiii. A side containing the nearest 
corner to make an angle of 30° with the picture plane. 

(c) Its plane vertical and inchned at 50° to the picture 
plane. The nearest side to be in the picture plane, and 7 feet 
to the right of the spectator. 

(d) Its plane parallel to the picture plane, and 5 feet 
within. Nearest side vertical and 6 feet to left. Lower end 
of nearest side 8 feet above ground. 

5. Place the following solids in perspective :•*- 

(a) A cube of 2-inch edge with one face on the ground, 
nearest vertical edge 4 inches to left and 1 inch within ; a 
face containing the nearest vertical edge being inclined at 60° 
to picture plane. 

(b) A hexagonal prism— base Ij^ inch side, axis 2^ inches — 
has one rectangular face on the ground. The axis is inclined 
at 65° to the picture plane, and the nearest end of the axis is 
5 inches to right and 1 inch within. 

Station point 3 inches from ground, and 6 inches from 
picture plane. 

6. Show the perspective projection of a circle 2^' diameter 
in each of the following positions : — 

(a) When its plane is horizontal, and its centre 3'' to right, 
2^" within and 1^" above the ground. 

(h) When its plane is perpendicular to the ground line, 
and its centre is 2^'' to right, 3'' within, and 2^" above the 
ground. 

Height of eye 3^''. Distance of eye fix)m picture plane 
6i". 

7. A nut is of the form of a hexagonal prism — side of base 
1*7", axis 17" — with a cylindrical hole through it 1*7" in 
diameter, the axis of the hole coinciding with the axis of the 
prism. The base of the prism is on the ground and the 
nearest vertical edge is in the picture plane. A face contain- 
ing the nearest edge is inclined at 8° to the picture plane. 
The height of the station point is to be 3*5'^ it is oppositiC the 
centre of the nut, and its distance from the picture plane is 
6*5". Make a perspective view of the nut. y 

8. What must be the position of a circle with respect to 
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the pictiire plane, &c., in order that its perspective projectioit 
may be a parabola. Illnstrate by a diagram. 

9. A sphere will always appear as a circle from whatever 
point it is looked at. The perspective of a sphere may, how- 
ever, be an ellipse. Explain the reason of this apparent con- 
tradiction. 

10. A square pyramid (side of base 26", axis 3*6") lies 
with one face on the H.P. The nearest corner of that face 
(the vertex) to the picture plane is 'h" away, and the vertical 
p1an6 which contains the axis makes an angle of 30° with the 
picture plane. Draw its perspective projection, taking the 
other conditions at your pleasure. 
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APPENDIX, 

Examination Paper on Practical Solid Geometry^ set hy the 
Science and Art Department, May 1883. 



SECOND STAGE OR ADVANCED EXAMINATION.^ 
Only eight questions are to be attempted. 

Solid Geometry, 
!• Represent— 

a. A line inclined 25^ to both planes of projection. 

b. A plane at right angles to both planes of projection, and 

a line perpendicular to it. 

c. Two planes at right angles to each other and to .the 

vertical plane of projection. (15.)* 

•2. Determine the intersection of the g^ven line 8^t% at with the 
given plane. (14.) 

*3. The given figure represents a pickaxe ; a and b rest on the hori- 
zontal plane ; the plane of the figure is inclined at 66°. Draw 
the plan and an elevation on a ground line which makes 36° 
withal. (24.) 

4 Draw the plana of a right cone and a right cylinder which touch 
each other. Any positions may be chosen. (26.) 

*5, From the given point p drop a perpendicular on the line joining 
gandr. (Unit 0-1''.) (24.) 

> For the Elementary Paper see Appendix to Part I. 

* The relative values of the questions are given by the numbers in 
brackets at the end of each question. 

* Questions marked (**) have accompanying diagrams. The diagrams 
have been reduced to about |tbs of the size which they appeared in the 
examination paper. 
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*6. The two given lines abfCdia the horizontal plane are the bases 
of two isosceles triangles abEyCd'E, which have a common 
vertex E. The height of the triangle a & E is 2 J'^ Complete 
the plans of the triangles and draw their elevations on a line 
parallel to a c. (24.) 

*7. Determine the points in which the given line cuts the given 
sphere. (24.) 

*8. A B is the plan of a horizontal ridge piece 11'^ deep.^ O D is the 
plan of a rafter 7^^ deep, butting up against A B, aikl inclined 
at 40° to the horizontal plane. Determine the ti^ueform of the 
end of C D where it rests against A B. Make a sectional eleva- 
tion on P Q. (28.) 

*9. The given figures represent a birdcage. Supposing it to stand 
on the horizontal plane^ draw an elevation on a plane making 
37° with the long sides of the base. Make a section by a 
vertical plane which bisects one long and one short sjde of 
the base. (30.) 

*10. Make an isometric view of the birdcage, looking down on the 
top. N.B. — An isometric scale is not to be used. Lengths 
may be transferred direct from the given figures on to the 
isometric lines. (30.) 



HONOURS EXAMINATION. 
Only eight questions are to be attempted. 

Solid Geometry, 

•1. Two equal circular discs, «&, c#i, roll on the horizontal plane, 
turning about a horizontal axis «/. The axis ef turns on a 
vertical spindle g h. Draw the elevation on a vertical plane of 
one loop of the curve traced by a point on the circumference 
of one of the discs. (65.) 

*2. Draw the projections of any two spheres of 1^' diameter 

' Tn the examination paper the figure to this question was drawn to 
the scale of ^th. 

II. K 
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whicli touch tlie given plane and both planes of projection 
How many spheres are there which will fulfil these conditions P 

(40.) 

*3. A portion of the plan and elevation of a vertical right prism is 
given. Determine the length of the shortest line which can 
be drawn on the surface of the prism firom the point at/ ijohl/ 

(45.) 

•4. From the given point « ^^ on the given line a b, a^V, draw a line 
2 j^' long to meet the given line c d^ (/df, (46.) 

*6. The plan of a right cone resting on the horizontal plane is given. 
Determine the index of the point, of which p is the plan. Draw 
the plan of a sphere of 2''^ diameter which touches the given 
cone at this point. (Unit 0*1 '^) (50:) 

*6. Determine the points of intersection of the ^ven line and right 
cylinder. (Unit 0*1^) (46.) " 

*7. The given right square pyramid standing on the horizontal plane 
is penetrated by the given right cone. Draw the elevation of 
the curve of intersection on .^ .9 as ground line. (Unit 0*1'".) 

(60.) 

*8. The projections of an open box are given, and also those of the 
rays of light R R^ Ih-aw the shadow cast by the box on the 
horizontal plane, and show the shaded portions of the box in an 
elevation on a: y as ground line. • (66.) 

*9. AB\& the shadow cast by the line o 6 on the horizontal plane. 
Determine the inclination of the rays of lights and also the 
index of the point 6. (Unit 0-r^) (40.) 

*10. Make a perspective of the given doorway,^ the station point to be 
6' • 0^' above the ground and 20^ • 0'^ from the picture plane. 
The plan of a portion of the principal visual ray is given. 

(66.) 

* In the examination paper the figure to this question was drawn to 
the scale of f"= V. 
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Natun Stodiee. Orown 8to. 9», 
Lslsnre Readings. Orown 8to. 8f . 
The Stars in their Seeeoas. Imp.8T0.<«. 
Myths and ManrslB of Astronomy. 
Okown 8to. 9t, 



Pleesant Ways in Bcisnoe. Or. tTo.8<. 
Star Primer. Orown 4to. >«. id. 
The Boeeons PiotuTOd. Demy 4to. 9s, 
Stmgth and Happiness. Or. Sto. 9*, 
Btfugh Ways made Smooth. Cr.8TO.«Ju 
The Bzpanee of HeaTsn. Or. Sto. 9*, 
Our Place among Icflnities. Or, 8to. 9s, 



LONGMAKS, GBEfiN, dt CO.. London and New York. 



CLASSICAL LANQUAQES AND LITERATURE. 



JIflohylni, The BmntaldeB of. 
J. P. Daviei. 8to. 7t. 



Text, with Hetrioal Bngliah Translation,'^ 



ArUrtophaaes' The Aoharnians, translated by B. Y. TyrrelL Grown Sto. S«. 9d, 
Aristotle's The Bthics, Text and Notes, by Sir Alex. Grant, Bart. 9 toIb. 8to. Z9s. 

— The yioomaohean Bthios, translated by Williams, orown 8yo. Is, 6d. 

— The Politics, Books I. HX lY. (VII.) with Translation, *a by 

BoUand and Lang, drown Sto. 7«. $d, 

Becker's Charielet and Oailut, by Metcalfe. Post 8to. 7t. M. each. 

Oioero*s Oo^^reapondenoft, Text and Notes, by B. T. TyrreU. Vols. 1 & S, 8yo. 
13f.eaoh. 

Homer's Iliad, HomometiioaJly translated by Oayley. 9to, 13*, id. 

— — Greek Text, with Verse Translation, by W. 0. Gzeea, VoL 1, 
Books L-XIL Grown 8vo.e«. 

Mahafly's Glaasical Greek literature. Grown 8yo. VoL 1, The Poets, 7«. M, 
VoL 2, The Prose "Writers, 7#. M. 

Plato's Pannenides, with Notes, &o. by J. Magnire. Svo. 7s, 6d. 

Virgil's Works, Latin Text, with Commentary, by Kennedy. Grown 8vo. 10«. 9d, 

— iBneid, translated into Bngliah Verse, by Gonington. Grown 8yo. 9«. 

— — — — _> — byW.J.ThornhilLOr.8vo.7«.6d. 

— Poems^ — — _ Prose, by Conington. Crown Sto. 9s. 
Witt's Myths of Hellas, translated by F. M. Yonnghusband. Grown 8to. Ss, M, 

— The Trojan War, — — Pop. 8vo. %s, 

— The Wanderings of Ulysses, — Orown 8yo. 8<. 6dl 



NATURAL HISTORY, BOTANY, it GARDENING. 

Allen's Flowers and their Pedigrees. Grown Svo. Woodouta, fti. 
Deoaisne and Le Maont's G^eral System of Botany. Imperial Sro, 81«. 6d. 
Dixon's Bnral Bird Life. Grown 8yo. lUnstrations, is, 
Hartwig's Aerial World, 8to. 10s, Sd, 

— Polar World, 8to. 10». 6d. 

— • Sea and its Living Wonders. 8to. lOi. 6d. 

— Sabtenanean World, 8yo. 10s. 9d. 

— Tropioal World, 8to. lOa Sd. 
Llndle!y*s Treasury of Botany. 2 vols. fcp. 8to. 18#. 
Loadon*! Bncydopeedia of Gardening. 8yo. 91«. 

— — Plants. 8yo.43«. 
Biyers's Orchard Hoose. Grown 8yo. 6s, 

— Miniature Fruit Garden. Fcp. Svo. As, 
Stanley's Familiar History of British Birds. Grown 8yo. 9s, 
Wood's Bible Animals. With 112 Vignettes. 8yo.10i.6d. 

— Common British Insects. Grown 8yo. is, 9d, 

— Homes Without Hands, 8yo. lOi. 6<t 

— Insects Abroad, 8yo. lOs, 9d» 

— Horse and Man. 8yo. lAs. 

-— Inseota at Home. With 700 QlustiationB. 8yo. 10«. 9d, 

— Out of Doors. Grown 8yo.6«. 

— Petland Beyisited. Grown Svo. 7s. 9d, 

— strange DweUings. Grown 8yo. 6s, Popular BditSon, 4to. 64. 



LONaMANS, GBEEN, & CO., London and New York. 



General Liits of Works. 



PRIZE AND PRESENTATION BOOKS. 

Jameson's Sacred and Legendary Art. 6 yoIs. square 8yo. 
Legends of the Madonna. 1 yoL ai«. 

— — — Jfonastlo Orders 1 vol. 81«. 

— — — Saints and Martyrs. S vols. 81i. M. 

— — — Savioar. Oompleted by Lady WaHtJalre. 2 Tola. 43j. 

Maoaolay's Lays of Ancient Rom«, illnstrated by Scharf . Fop. 4to. 10«. 64. 

The same, with /vry and the Armada^ illustrated by Wegnelin. Crown Sra 8j. M. 

New Testament (The) Ulogtrated with Woodoats after Paintings by the Early 
Masters. 4ta SU. 

By the Rev. J. G. Wood, 

The Branch Builders (from 'Homes 
without Hands '). With 28 Hlnstra- 
Uons. Grown 8vo. 2«. 6d. dioth extra, 
gilt edges. 

Wild AnimaU of the Bible (from * Bible 
Animals'). With 29 Illustrations. 
Crown 870. 3f. 6<i. doth extra, gilt 
edges. 

Domestic Animals of the Bible (from 
* Bible Animals'). With 28 lUos- 
trations. Crown 8vo. S«. bd. cloth 
extra, gilt edges. 

Bird Life of the Bible (from <Bible 
Animals'). With 82 Illustrations. 
Crown 8yo. Zt. 6d, cloth extra, gilt 
edges. 

Wonderful Nests (from * Homes with- 
out Haoda '). With 30 lUuatrations. 
Crown 8vo. Zs, 64. cloth extra, gilt 
edges. 

Homes Under the G-ronnd (from 
'Homes without Hands'). With 
28 lllnstrations. Crown 8to. Zs. 6d, 
cloth extra, gilt edges. 



By Dr. G. Hartwlg. 

Sea Monsters and Sea Birds (from *The 
Sea and its Living Wonders '). With 
7ft Illustrations. Crown 8vo. 3s, 6d. 
cloth extra, gilt edges. 

Denizens of the Deep (from * The Sea 
and its Living Wonders '). With 117 
niustrations. Crown 8vo. 2s. 6d. cloth 
extra, gilt edges. 

Dwellers in the Arctic Eegions (from 
' The Sea and its Living Wonders '). 
With 29 Hlustrationa. Crown 8vo. 
2«. fid. doth extra, gilt edges. 

Winged Life in the Tropics (from * The 
Tropical World '). With 66 Illustra- 
tions. Crown 8vo. 2s. 6d. doth extra, 
gilt edges. 

Volcanoes and Barthquakes (from *The 
'Subterranean World'). With 30 
Illustrations. Crown 8vo. 2s. 6<l. 
cloth extra, gilt edges. 

Wild Animals of the Tropics (from * The 
Tropical World '). With 66 Illnstrar 
tions. Crown 8vo. Si. 6d. doth extra, 
gilt edges. 



CHEMISTRY ENQINEERINQ, & GENERAL SCIENCE. 

▲mott's Elements of Physics or KatunJ Philosophy. Crown 8vo. 12«. M. 
Barrett's English Glees and Fart-Sougs : their Historical Development. 
Crown 8vo. Is. 6d, 

Bonme's Catechism of the Steam Engine, Crown 8to. 7s, 6i. 

— Handbook of the Steam Engine. Fcp. 8vo. 9s, 

— Recent Improvements In the Steam Engine. Fop. 8va 8f . 
Bnokton's Our Dwellings, Healthy and Unhealthy. Crown 8vo. U, 64. 
Clerk's The Gas Engine. With Illustrations. Crown 8vo. 7i. 64. 
Orookes's Sdeot Methods in Chemical Analysis. 8vo. S4«. 

Oulley*B Handbook of Practical Telegraphy. 8vo. \U. 

Fairbaim's Useful Information for Engineers. 8 vols, crown 8vo. 81j. 64. 

— Mills and Millwork. lvd.8vo.3««. 
Ganot's Elementary Treatise on Physics, by Atkinson. Large crown 8vo. 16«. 

— Katural Philoeophy, by Atkinson. Crown 8vo. U, 64. 
Grove's Correlation of Phyiloal Foroea. 8vo. 18a 
Hanghton's Six Lectures on Physical (^^graphy. 8vo. 16«. 



LONGMANS, GBB£N, & 00., London and New York. 



8 OtBAxml Idili of Worki. 



Hchnholto on the flwf>tl0M of ToiMb B«|«l tvo. Stt. 

Holmh<dti'8 Leotores on Sdsntiflc Sat^eots. S toIs. orown Sro. 7#. 6dL mdku 

Hndion and Oo«e*s The Botifera or * Wheel Animaloalee.' With 80 Ooloued 

Flatee. 6 perta. 4to. 10«. 6A each. Complete, 8 role. 4to. £S. lOi. 
Hnllah'e Leotnree cm the Hletory of Ifodem Ifnsia 8to. 8«. 6<f. 

— Traniltlon Period of Mnsiosl EOstory. 9to. 10«. 9d, 
Jadkion'i Aid to Boglneerlng Solntion. Boyal Svo. Sl«. 
Jago^s InoTganio Ohemlstry, Theoietioal and FxaotioaL Vcp, 8to. St. 
Jeans' Bailway Frobleme. 8yo. lU, M, 

Kolbe*! Short Text-Book of Inorganio Ohemistry. Uiown 8to. 7«. 64. 
Lloyd's Treadae on Magnetism. 9ro, lOt, 6d. 

lUoalister's Zoology and Morphology of Vertetaniito Animals Sto. lOn 6d. 
Ifeofanen's Leetores on Harmony. Sro. lis. 

Mater's Mements of O h e mlsfay » Theoretical and FractleaL Ito1b.8to. PartL 

Chemical Physios, I6s. Part II. Inorganio Ohemistry, Sis. Put III. Orgaalo 

Ohemistry, prioe $U. M, 
Mltohen'k Mannal of Praotioal Assaying. 8to.81«. M. 
Noble's Hours with a Three-inch Telesoope. Orown 8to. 4s. M. 
Hortiioott'a lAthea and Toning. Svo. 18s. 
Owen's OomparatiTe Anatomy and Physiology of the Vertebrate Anlniah 

8 Tela. 8yo. 78«. 6<f. 
Pissse's Art of Pncfnmery. Square crown 8yo. 31s. 
Bichardson's The Health of Nations ; Works and lilteof Bdwia OhadwiGk,O.B. 

2 vols. 8to. 38«. 

— The Commonhealth ; a Series of Bssays. Crown 8to. •«• 

floheHenli Spectrum Analysis. 8yo. 81«. M, 
Bennett's Treatise on the Marlntf Steam Bngine. 8to. 91«. 
Smith's Air and Bain. 8to. S4«. 

Btoney's The Theoiy of the Oticssss on Giidecs, *o. Boynl Sro. t%t^ 
TQden's Pmctleal Ohemistry. Fop^ 8vo. U, 9d, 
^padalTs Faraday as a Disoorerer. Crown 8yo. Ss. 6dL 

— FloatlDg Matter of the Air. Crown 8Y0k 7«. M. 

— Fragments of Boiwioe. S Tcds. poet Sro. 16s. 

— Heat a Mode of Motion. Crown 8yo. 1S«. 

— Lectures on light deliipered in Amerioa. Orown Bro. §t, 

— Lessons on Blectridty. Orown'STO. 9«. 64. 

-^ Notes on Bleotrleal Phenomena. Orown Sro. It. sewed. Is. 64. oLottu 

— Notes of Leotaivs on light. Orown 8yo. Is. sewed. Is. 64. oloth. 

— Sound, with Frontispiece and 308 Woodcuts. Orown 8to. lOi. 64. 
Watts's Dictionary of Chemistry. 9 yoIb. medium 8to. £16. 8«. 64. 
Wilson's Manual of Health-Soienoe. Orown 8yo. 3s. 64. 

THEOLOOrCAL AND REUQIOUS WORKS. 

Arnold's (Boy. Dr. Thomas) Sermons. 6 YOls. crown Syo. 6s. eaoh. 

Boultbee*s Commentary on the 89 Artides. Orown 8yo. 6s. 

Browne's (Bishop) Bxposition of the 89 Articles. 8yo. 16«. 

BuUinger's Critical Lexicon and Conoocdance to the Bnglish and Qieek New 

Testament. Boyal 8yo. 16s. 
Colenso on the Pentateuch and Book of Joehna. Cfeown 8fo. 6s. 
Gender's Handbook of the Bible. Feet 9ra. 7$, 64. 
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Oonybesn & Howmu'i LIf e and LstUn of St. FmU :~ 

Library Bditton, with Haps, Platoa, and Woodonta. S Toto. ■quan «rafm 

8to. 91«. 
Btadenf 8 Bdltion, reyiaed and ooadflnied, with 46 lUoslnittoiw and Mapi. 
I vol. orown Sra 7t, 64. 
Ooz^ (HoDMnbam) Tba Tint Oentory of CSiriBtf anity. tro. Iff. 
Davidaon's IntR)diiotion to the Study of the New Teetamenl 9 rtiu tfO. Mt. 
Sdanhaiin'fl Life and Timea of Jesus the If esslah. 9 toIs. Sra 944. 

— 'Prophecy and History in relation to the Messiah 8vo. IS*. 
mUonttTs (Bishop) Oommentary on St. Paul's Bpifftles. Bra Oorinthians 1. 16f. 

CMatlans, 8f. 6<f. Spheslaas, 8«. 6d. Pastoral BpUtles. lOt. 64. PhiUppiana, 
Ocdosslans and Phtknon, 10«. 64. Thnssslonians, Ts. 64. 

— Lectures on the Life of our Lord. 8to. 19«. 
■wald's Antiquities of Israel, translated hy SoHy. 8vo. 19$, 64. 

— History of Tsrael. translated by Oarpenter * Smith. 8 toIs. «to. Vols. 
1 & 9, 94JL Vols. 6^4, 91«. Yd. 0, ]8«. Vol. 6, IBs. VoL 7, 91j. 
Vol. 8, 18f. 

HobarfsMedioal Language of St. Luke. 9val6«. 

Hopkins's Ohrlst the OoiMoler. Fop. 8to. 9«. 64. 

Jnkai*s New Man and the Btemal Llfs. Orown 8to. 6s. 

— Second Death and the BsstittttioD of all Things. Grown 8to. If. 64. 

— Typss ol Genesis. Grown 8?o. 7«. 64. 

" The Mystsry of the Kingdom. Grown Sro. Ss. 64. 

Lsnormant's New Translation of the Book of Qenssis. Translated into BngUah. 
Sto. Ids. 64. 

lorra Cknnaaioa : Hymns translated 1^ Miss Wlnkworth. Vop. STa6& 

Maodonald'a (Q.) Unspoken Ssmoas. Two Series, Orown Sto. Is. 64. each. 

— The Mimclfls of our Lord. Ofeown Sto. 9$, 64. 

Manning's Temporal Mission of the Holy G-host. Grown 8to. 8«. 64. 

Martinean's BndeaTours after the Glulstiao Life. Orown 8to. 7s. 64. 

— Hymna of Praise and Pmyer. Orown 8to. 4s. 64. 89nio. Is. 64. 

— Sennona, Homrs of Thought on Sacred Things. 9 toIs. 7«. 64. each. 
Monseil's Splrltnal Songs for Sundays and Hottdayi. Ptap. Sto. 6s. ISmo. 94. 
MlUler's (lOz) Origin and Growth of Btf iglon. Orown Sto. 7«. 64. 

-* «— Soienee of BeSglon. Orown Sto. 74. 64. 
Newman's Apologia pro VnSSuA. Grown Sto. 6f. 

— The Idea ot a ITniTerslty Defined and ninstrated. Orown Sto. 74. 

— Histoftaal SketaAwa. I toIs. atown Sto. 6f. eaoh. 

— Discussions and Arguments on Various Subjects. Grown Sto. 64. 

— An Bisay on the DeTclepmsnt of Ohrlstlan Doctrine^ Grown Sto. 6c 

— Oartain Diflloulties Felt by Anglicans in OathoUo Taacfali« Gon. 
sidered. VoL 1, orown Sto. 74. 64. VoL 9, crown Sto. Ss. 64. 

-^ The Via Media of the Anglican Gharoh, lUnstnited in Iswtnras^ Ac. 
9 Tois. orown Sto. 64. each 

— Xisays, Gritloal and HistorioaL 9 toIs. orown Sto. 194. 

-^ BMays on Biblioal and on Bocleslastlcal Mlrarfea. Grown Sto. 6a 

— AnBsMy in Aid of a Grammar of Assent. 74.64. 

OTerton's Life in the Bngllsh Ghuroh (lteO-1714). Sto. 144. 

Supernatural Beligion. Complete Edition. 8 toIs. Sto. 864. 

I Yonnirhnsband's The Story of Oar Lord told in Simple Language for Children. 
I Illustrated. Orown Sto. 24. 64. doth plain ; 84. 64. oloth OKtoa, i^lt edges. 

I LONGMANS, aREEN, & CO., London and New York. 
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TRAVELS, ADVENTURES, &c. 

Baker's Bight Yean in Ceylon. Grown 8yo. bt. 

— Bifle and Hound in Ceylon. Grown 8to. 0«. 

BraaBesr** Sonahine and Storm in the Bast. Library Bdition, Syo. 91f. Cabinet 
Bdition, orown 8to. 7«. 6d. PopnUu: Bdition, 4to. 6d, 

— Vbyage in the < Sunbeam.* library BditloD,8vio.81f. Cabinet Bditkm, 

crown 8vo. 7s, M, School Bditlon, fop. 8to. it, Poimlar Edition, 
V 4to. (W. 

— IntheTradei, the Tropics, and the ^Bearing Forties.' Library Bditlon, 

8to.21«. Cabinet Edition, orown 8vo. 17t, 6d, Popular Edition, 
4to.€d. 
Fronde's Oceana ; or, Bngland and her Oolonies. Grown 8vo. 2«. boards ; 2«. 6d, 

cloth. 
Howitt's Visito to Eemarkable Places. Grown 8yo. 7«. &I. 
Biley*s Athos ; or. The Mountain of the Monks. Sro. 21«. 

Three in Norway. By Two of Them. Ulusfcxated. Crown Sro. 2s. boards ; 
2«. id, doth. 

WORKS OF FICTION. 

Beaoonsfleld's (The Earl of) Noyels and Tales. Hughenden Edition, with 2 
Portraits on Steel and 11 Vignettes on ^ood. 11 vols, orown 8ya £2. 2l. 
Cheap Bdition, 11 vols, orown 8to. U, eaoh, boards ; l«.6d.eaoh, doth. 



Gontarini Fleming. 
Alroy, Izion, dbc 
The Young Duke, lie. 
Vivian Grey. 
Endymion. 



Lothair. 

SybiL 

Coningsby. 

Tttnored. 

Venetia. 

Henrietta Temple. 

Braboome's (Lord) Friends and Foes from Fairyland. Crown Svo. (b. 

Caddy's (Mrs.) Through the Fields with LinnsBUs : a Chapter in Swedish History. 
2 vols, crown 8yo. 16<. 

Gilkes' Boys and Masters. Crown Sro. 3«. 6d. 

Haggard's (H. Bider) She: a History of Adventure. Grown 8to. 8«. 

— — Allan Quatermain. Illustrated. Grown Svo. 64. 

Harte (Bret) On the Frontier. Three Stories. 16mo. Ij. 

— — By Shore and Sedge. Three Stories. 16mo. U. • 

— — In the Carqulnes Woods. Grown Svo. 1«. boards ; l^. 6d, cloth. 
Lyall's (Edna) The Autobiography of a Slander. Fop. U. sewed. 

MdviUe's (Whyte) Novels. 8 vola. fcp. Svo. 1«. eadu, boards ; 1«. 6A each, oloth . 



Good for Nothing. 

Holmby House. 
The Interpreter. 
The Queen's Maries. 



Digby Grand. 
General Bounoe. 
Eicte Coventry. 
The Gladiators. 

Moleeworth's (Mrs.) Marrying and Giving in Marriage. Crown Svo. is. 6d, I 

Novels by the Author of * The Atelier dn Lys ' : ' 

The Atelier du Lys ; or. An Art Student In the Beign of Terror. Crown ; 
Svo. 2«. 6d. ; 

Mademoiselle Mori: a Tale of Modem Borne. Crown 8vo. 2s. 6d, j 

In the Olden Time : a Tale of the Peasant War in Germany. Crown Svo. 2s. Bd. | 

Hester's Venture. Crown Svo. 2^. Bd. | 

Oliphant's (Mrs.) Madam. Crown 8vo. Is, boards ; Is. Bd. cloth. 

-^ — In Trust : the Story of a Lady and her Lover. Crown 8vo. ; 

U, boards ; Is. Bd. doth. 
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Fi^yn'i ( JamM) The Lnok of the DarreUtu drown 8to. 1«. bonrds ; Is. Sd, oloth. 

— — Thicker than Water. Grown 8to. 1«. boards; 1«. 6ct. cloth. 

Beadar*! Fairy Prince Follow-my-Lead. Grown 8vo. 3«. 6d. 

— The Ghost of Brankinshaw ; and other Tak». Fcp. 8ro. it, dd. 

Sewell's (Miss) Stories and Tales. Grown 8to. 1«. each, boarda ; !«. €<L doth ; 
S«. M. doth extra, gilt edges. 

Amy Herbert. Cleve HaU. A Glimpse of the World. 

The Barl's Daughter. Katharine Ashton. 

Bzperienoe of Life. Laneton Parsonage. 

Gerfemda. Itotb. Margaret Peroival. Urinla. 

flterenfon's (B. L.) The Dynamiter. Fcp. 8vo. U. sewed ; 1«. fti. oloth. 

— -r- Strange Gaae of Dr. Jekyll and Mr. Hyde. Fcp. 8vo. U, 

sewed; It. 64. doth. 
Sturgis' Thraldom : a Story. Grown 8to. 6«. 

Trollope*8 (Anthony) Novels. Fop. 8yo. 1«. each, boards ; Is. 9d. doth. 
The Warden | Barohester Towers. 



POETRY AND THE DRAMA. 



Armstrong's (Bd. J.) Poetioal Works. Fop. 8yo. 6s. 
— (G. F.) Poetical Works :— 

Poems, Lyrical and Dramatic Fcp^ 

8vo. <U. 
Ugone : a Tragedy. Fop. 8yo. 6«. 
A Garland from Greece. Fcp. Byo.9s. 



Kin? Saul. Fop. 8yo. 6s. 
King David. Fop. 8to. 64. 
King Solomon. Fcp. 8yo. 6s. 
Stories of Wlcklow. Fcp. 8vo. 9s. 



Bowen's Harrow Songs and other Verses. Fcp. 8yo. 2s. 6d. ; or printed on 
hand-made paper, 6s. 

Bowdler's Family Shakespeare. Medium 8yo. 14«. 6 vols. tep. 8vo. Sis, 

Dante's Divine Gomedy, translated by James Innes Minchin. Crown 8vo. I6s, 

Goethe's Faust, translated by Birds. Large crown 8vo. 12^. 6d. 

— — translated by Webb. 8vo. lis. fid, 

— — edited by Selss. Crown 8vo. 6s. 
Ingelow's Poems. Yols. 1 and 2, fcp. 8vo. lis. 

— Lyrical and other Poems. Fcp. 8vo. is. 6d. doth, plain ; Zs. doth, 

gilt edges. 

Macanlay's Lays of Andent Rome, with Ivry and the Armada. Illustrated by 
Wesuelin. Grown 8vo. 9s. 9d, gilt edges. 

The same, Popular Bdition. Illustrated by Bdiarf. Fop. 4to. M. swd., 1j. doth. 

Mesbit's Lays and Legends. Grown 8vo. 6s, 

Beader's Voices from Flowerland, a Birthday Book, is, 64. doth. Us, 6d. roan. 

Southey's Poetical Works. Medium 8vo. Us, 

Stevenson's A Child's Garden of Verses. Fop. 8vo. 6s, 

Virgil's JBndd, translated by Gonington. Grown 8vo. 9i. 

-^ Poems, translated into BngUsh Prose. Grown fivtt, 9s, 



AQRICULTURE, HORSES, DOQS AND CATTLE. 

Fitcwygram's Horses and Stables. 8vo. 6m, 

Lloyd's The Bdenoe of Agriculture. 8vo. lis, 

Loudon's Bncydopsadia of Agriculture. 81«. 

Sted's Diseases of the Ox, a Manual of Bovine Palhology. 8vo. 16s, 
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atfliirimiggPt Dog to H—lth and Dtoeaw, Bqnm orown tro. Ti. M. 
— Gveyboond. Sqiun orawn 8va 1S«. 

Tiller's Agrionltonl Note Book. Vop. tvo. ti . 64. 

VIUb on Artlflolal Ma&«ZM, hf OrookiM. 8yo. SIj. 

Yoottttf • Work on tho Doff. 8to.9i. 

— -. . ~ Hone. 8to. 7«. 6d. 

SPORTS AND PASTIMES. 

ThoBadntoton library oCSporteADdPMtimef. Bditod^tboIHteoCBMiifort 
and ▲. B. T. Watson, with nmncroog lUostrationi. Or. 8vo. 10*. 64. taoli. 
Hunting, by tae Duke of Boanforti Ao. 
Fishing, by H. Oholmondeley-PtniMll, ho, 9 Toto. 
Baoing, by the Barl of Soflolk, 4a 
Shooting, by Lord Watringham, Ito. S Tola. 
Qyoling. By Visooont Bury. 

%* Other VUumet in preparoMon^ 

Oampbdl-Walker's Oorreot Oard, or How to Flay at Whiat. Fop^ 6?o. !«. 6d» 

Fonf 8 Theory and Practioe of Arch«(y, xerised by W. Butt. 8to. 14«. 

FranolB'sTreatiie on Fishing to all its Braaohai. Poilgyo. liju 

Longman's Ohess Opentogs. Fop. 8to. U, 6d. 

Pease's The derdand Hoonds as a Trenoher-F«d Paok. Boyal 6to. li«. 

Pole's Theoiy of tlw Modem Sdentilio Game fd Wtalat. Fop. Sro. %$, %d, 

Prootor's How to Play Whlat. Grown Sro. ftt. 

Bona]ds*s Fly-Fisher's Bbtomology. 8to. lii. 

Vemey's Chess Eooentrioitiee. Orewn 8Ta IQf . 64. 

Wiloooks's Sea-Fisherman. Post 8to. 6«. 

ENCYCL0P>ED1A8, DICTIONARIES, AND BOOKS OF 

REFERENCE. 
Aoton's Modem Oooksry for Private Families. Fop. Sro. U, 64. 
▲yre's Treasnry of Bible Knowledge. Fcp. gro. %$, 

Brando's Dictionary of Sdenoe, literature, and Art. I Tolt. medlnw §?•. 6ti, 
Ctaibittet Lawyer (The), a Popular Digest of the Lawi of England. Fop. 8to. U, 
Gates's Dictionary of General Biography. Medium 8ro. Mi, 
GwUfk Bne^olopsBdla ol Axohiteetnie. 6to. f ti . 6d. 
Keith Johnston's Dictionary of Googmphy, or Gonenl Ga aott esr. 8to. 4tg. 
MKXdlOGhli Dbotioiiary of Commene and Oommsioial NavlgaMoa. Sva Mi. 
Maunder's Biographical Treasnry. Fop.8vo.6s. 
_ Hktorleal Tieasory. F^ 8vo. 6«. 

— ftrifrnt***** and literary Tiwaaury. Fop. 8to. 6i. 

-. Treaanry of Bible Knowtodge, edited by Ayie. Fop. 8vo. «c 

— Traaanry of Botany, edited by liadl^ h Moore. Two PMte, Ui. 

— Treaanry of QeogMphy. Fop.gvo.6f. 

— Treaanry of Knowledge and library of Befttenoe. Fcp. Sro. 61. 
•— Treaanry of Natural History. F^. 8yo. 6#. 

Qnato's Dictionary of Medidnft. Medium 8yo. SU. 64., or to 3 tola. lii. 
Baere's Oookery and Housekeeping. Grown 8vo. 7«. 64. 
Bioh's Dictioiiary of Boman and Greek Antiquitlee. Grown 8?o. 7«. 64. 
Bogef 8 Thesaurus of Bnglish Words and Ptirassa. Grown 8to. Mi. 64. 
WllUoh's Popular Tablaa, by Marriott Grown 8to. lOi. 64.^ 
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TEXT-BOOKS OF 8CIENOE 

FOLLT ILLVBTBAnD* 

Ahutifu Traatlie on Fhotogisphy. Fop. Sro. U, 94, 
A]id«0B*i8tx«nglhoflC«teiiAlB. U.M, 
Anmtrang^ Otguilo OhMnlitxy. t«. 6d. 
Bam Haniianto ol ABtronomy. 61I. 
Bmtj*! Ballway Appllaaoet. 9», M, 
BaaMBitt's Qyitanatio MiiMnlogy. Af . 
— DeMriptite Minenlogj. 9$, 
Blown and Hmitiiigtoii's UtMtu i«. 
OlMetarook'i Phydoal Opttoi. U, 
CMMCferaok and Bhaw^ Pnustloal FhyBlos. •«. 
Gore's Art of Eleotro-lMaUorgy. U. 

Oriflln*8 Algebm and Ttrtgooometry. 9i.9d, . Votot and Solnftiona, 8«. M. 
HdfliM'i Tha Btaam Bngina. 9m. 
Jankin'sBleoteidtjandMagnattn. Zs,9d. 
XaiifiU*! Thaory of Haal. 9t,9d. 

Marriilald*» T^ohnloal Arithmatto and MaBwiratton, I1.M. Kif.tiiM. 
MUte'tlno^KaatoClhaBiJafery. St. 64. 
Pneea and SlTewiight'fl Talagraplgr. Si. 
Bntlay'iStiidjoCBookB.aTtei-BookofFalroloBr. 4i.M. 
Bhallay^i Wartih<»p AjyHanaw. 4f.6d. 
Tliom^iBtmetaml and PhfiloloffSaal Botanj. 9i, 
Tborpe^i QoantltatlTe Ohemioal Aaalfria. U,9d, 
Thorpe and MolE'iQaaUtatiTaAiialyris. 81. <d. 

TOdan'iOhflmioalPliUoeopliy. I«.6d. With AMiraM to PioWMa. i§,94, 
TTawia's Blamenta of XaoUna IMgn. 61I. 
WakNo'e Plane and floUd QeoHMtey. Zs.9A. 

THE GREEK LANQUAQE. 
Bloomfleld'i CMlege and School Greek TeetamenL Fop. 8to. Si. 
BdUand fc Lang's Politics of Aristotle. Post 8yo. 7«. 6<i. 
OoMiraOhief Tensee of the Greek Iixegolar Verba. 8T0.U. 
.— Pontei Graoi, Btepping-Stone to Greek Giammar. Umo. Si. M. 

— Prazie Gxttoa, Btjmology. ISmo. 3«. 64. 

— Greek YcrM-Book, Praxis TamWoa. ISmo. U, 64. 
FMnur'e Briaf Greek QjmtaK and Aooidenoe. ISmo. It, 64. 

— Greek GramasrBnles Cor Harrow SohooL ISmo. U. 64. 
Geare*s Kotes 00 Thafcydideai Book L Fop. 8to. U, 64. 
Bewfttt'e Greek Bxaniaation-Papen. Umo. It, 64. 
IsUster'sZenophon'sAnafaaaia. Books L to HLwUhMotee. lSmo.ii.64. 
Jenam's Qwmok Beddenda. (kown Sro. li. 64. 
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Kennedy's Greek Grammar. 12mo. 4«. M. 

Liddell it Seott*g BngUsh-Greek Lexfoon. 4to. 8<te. ; Bqnare llmo. It, Ori. 

Mahaf^s Olastdoal Greek Litenttnre. Grown 8to. Poete, 7«. M. Prose Wrlten, 

7«. 6<i. 
Morris's Greek Lessons. Square 18mo. Part I. 2s, 9d. ; Part IL U, 
Parry's Elementary Greek Grammar. 13mo. fo. 9d. 

Plato's Bepubllo, Book I. Greek Text, BngUah Notes hy Hardy. Grown 8to. Zt, 
Sheppard and Bvansl Notes on Thncydldes. Crown Sro, It, M, 
Tbneydides, Book IV. with Notes l^ Barton and Chavasse. Grown 8yo. 5«. 
Valpy's Greek Delectus, improved by White. 12mo. 2«. 6<i. Key, 2«. i54L 
White's Zenophon's Expedition of Cyrus, with English Notes. 12mo. 7«. Cd. 
Wilkins's Manual of Greek Prose Composition. Crown 8yo. 6«. Key, At. 

-^ Bxerdsee in Greek Prose Composition. Crown 8ro. 4«. 6d. Key,2«.6d. 

— New Greek Delectus. Crown 8to. Zs, 6<2. Key, 8«. M* 

— ProgressiTe Greek Delectus. ISmo. 4f . Key, S«. 6<f. 

— Progressive Greek Anthology. 13mo. 5«. 

— Soriptores Attici, Excerpts with English Notes. Crown 8vo. 7«. %d, 

— Speeches from Thucydides translated. Poet 8vo. <(«. 
Yonge's English-Greek Lexicon* 4to. 31«. ; Square 12mo. 8«. $<!• 



THE LATIN LANGUAGE. 

Bradleyli Latin Prose Ezerctees. ISmo. 3«. 6(1. Key, 5«. 

— Continuous Lessons in Latin Prose. ISmo. 6<. Key, 6«. M. 

— Cornelius Nepoe, improved by White. ISmo. 8«. 6<f. 

— Eutropius, improved by White. ISmo. S«. 6d[. 

— Ovid's Metamorphoses, improved by White. ISmo. 4«. 6<f. 

— Select Fables of Phssdms, improved \js White. ISmo. S«. 6<f. 
GoUJb's Chief Tenses of Latin Irregular Verbs. 8vo. If. 

-— Pontes Latini, Stepping-Stone to Latin Grammar. ISmo. 3«. Zd, 
Hewltt*B Latin Bxamination-Papers. ISmo. It. 6«f. 
Isbister's Caesar, Books L-VIL ISmo. 4«. ; or with Beading Lessons, is, M. 

— CsBsar's Conmientaries, Books L-V. ISmo. U, M. 

— Fbst Book of Cnsar'a Gallio.War. . ISmo. Ic M, 
Jerram's Latins Beddenda. Crown 8vo. 1«. M, 

Kennedy's Child's Latin Primer, or First Latin Lessons. ISmo. S«. 

— Child's Latin AcddoQce. ISmo. 1«. 

— Elementary Latin Grammar. ISmo. 8«. 6^1. 

— Blementazy Latin Beading Book, or Ttrocininm Latinum. ISmo. U, 
-^ Latin Prose, Palsestra Stili LatinL ISmo. U, 

— Latin Vocabulary. ISmo. S#.6<I. 

— Subeidia Ptimaria, Exercise Books to the Public School Latin Primer. 

L Accidence and Simple Construction, 3«. M. n. Syntax, 8«. M. 

— Key to the Exercises in Subsidia Primaria, Parts I. and;iL price Sa, 

— Subsidia Primaria, m. the Latin Compound Sentence. ISmo. U, 

— Curriculum Stili lAtlnL ISmo. 4^.64. Key, 7i. 6<l. 

— Patostra lAtina, or Second Latin Beading Book. ISmo. S«. 
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Millington's Latin Fzoae Oompositioii. Grown 8to. 9», Sd, 

— Selections from Latin Prose. Grown 8yo. 3$, 9d, 

Moody*s Eton Latin Grammar. ISmo. 3«. 6d. The Aooidenoe sepaimtelj, 1«. 
Morri8*8 Elementa Latina. Fop. Syo. It. 6d. Key, %s. Sd, 
Pan7*8 Origines Bomanse, from LiTj, with Bnglish Notei. Grown 8yo. ii. 
The Pnblio School Latin Primer. 12mo. 3«. Bd. . 

— ~ — — Grammar, by Ber. Dr. Kennedy. Poet Sro. 7«. 6d. 
PrenderpMVs Hastery Series, Manual of Latin, 12mo. S«. M. 
Rapier's Introduction to Composition of Latin Varse. 13m«. Z». M. Ke7» S«. 9d, 
Sheppard and Turner's Aids to Olassioal Study. 13mo. 6«. Key, 6t, 
Valpy*B Latin Delectus, improved by White. 13ma 3#. M. Key, Ss, 9d, 
Virgil's ^neid, translated into English Verse by Oonington. Grown 8to. (M. 

— Works, edited by Kennedy. Grown 8va lOi. 6d. 

— — translated into English Prose by Gonington. Grown 8yo. 9s, 
Watford's Progressire Ezeroises in Latin Elegiac Verse. 18mo. i», M, Key, 0«. 
White and Riddle's Large Latin-S^Ush Dictionary. 1 yoL 4to. Sl«. 
White's Gondse Latin-Eng. Dictionary for Uniyersity Students. Royal 8to. 13«. 

— Junior Students* Eng.-Lat. & Lat.-Eng. Dictionary. Square ISmo* i«. 

ci«».«<.f^i« i The Latin-English Dictionary, price 3s, 
separately ^ ^j^^ English-Latin Dictionary, price Zs, 

Yonge's Latin Gzadus. Post 8vo. 9s, ; or with Appendix, lis, 

WHITE'S QRAMMAR-SCHOOL GREEK TEXTS. 



23lsop (Fables) & Palnphatos (Myths). 

83mo. Is. 
Euripides, Hecuba. 2s, 
Homer, lUad, Book L Is, 

— Odyssey, Book L U, 
Ludan, Select Dialogues. 1/. 
Zenophon, Anabasis, Books L HE. IV. 

V. & VL Is. 6d. each ; Book II. Is. ; 

Book Vn. 2s, 



Zenophon, Book I. without Vocabu- 
lary. Sd, 

SL Matthew's and St. Luke's GM«pels. 
2s, M. each. 

St. Mark's and St John's Gospels. 
Is. 6d, each. 

The Acts of the Apostles, is, M, 

St. Paul's Epistle to the Romans. It. M, 



The Four Goqpds in Greek, with Greek-English Lexicon. Edited l^ John T. 

White, D.D. Oxon. Square 32ma price Us, 



WHITE'S GRAMMAR-SCHOOL LATIN TEXTS. 



Onsar. Gallic War, Books I. & IL V. 

& VL Is, eaoh. Book I. without 

Vocttholsary, 8<L 
Gnsar, Gallic War, Books HI. A IV. 

9d. each. 
CSesar, GaUio War, Book VIL U, 6d, 
Gicero, Gato Major (Old Age). Is. 6d. 
Gioero, LsaUos (Friendship). Is. M, 
Bntropius, Roman HiBtorv, Books L 

&n. 1«. Books ILL & IV. 1«. 
Horace,Odes, Books I. II. & IV. la. eaoh. 
Horace, Odes. Book m. U,M, 
Horace, Bpodes and (}armen Seoulare. 

U 



Nepos, Miltiades, Simon, Paosanias, 
Aristides. 9d. 

Ovid. Selections from Epistles end 
Fasti. Is. 

Ovid, Select Myths from Metamor- 
phoses. 9d, 

Phsadms, Select Besy Fables, 

Fbaadms, Fables, Books L fc n. U. 

Sallnst, Bellnm OatUinarinnu Is. 64. 

Virgil, Georgios, Book IV. Is. 

Virgil, JBneid, Books I. to VL Is. each. 
Book I. without Vooabohoy, Sd. 

Vixgil, 2Bneid, Books VIL VUL Z. 
ZLZn. U.64.eaob. 
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THE FRENCH LANQUAQE. 

AlbtMi^i How to 9pmk Franoli. Fop. Sro. fti. M. 

-> l art Mi t M WOiMi ¥noah BjB&edaaL Wcp. 9s. JLej, 2«. 
OMMl'k French Gendon. Otawn 9f9, 9*. 9d. 
OmmI 4 KarolMr't Gndnited Fmoh TnuidttUon Book. Part L l«. M. 

Fart IL ft«. Kcj to Part L by P ro fa awr Oanal, prfoe is. 
Oontanaaaal Piaotlcal Fnaoli and BngUah IMottaiary. Post Sto. 9», 6& 

— PodBBft FniHfli and BngUsh Blotlonary. Sqmn 18mo. If. M. 

— PnuMNa liBotiUNNk 19ino. 9i. M. 

— Flnt Step in French. 12ma S«. M. Koj, 8«. 

— French AjooMenoo. ISmo. S«. M, 

~ — Ghrammar. ]^mo.4«. Key, 8«. 

Oontanaean'a Middle-OkM Franeh Ooum. Fop. 8ro. :— 

AwAdeuoOi M. 

Ofntaa^Sd. 

Irenoh OonYorBation-Book. 84. 

First French Rxerdee-Book, 8d. 

Beoond French Bserdse-Boolc, Sd, 

Oentanaeaa*! Onide to French Translation. ISmo. 8«. 6<l. Key Zs,Bd, 

— Proaateors et PoMes Franfala. ISmo. B$, 

— Frteis de la litttottoze Fzan^aiee. ISmo. U, 9d, 

— Abr6g6 de THIrtoire de France. ISmo. 2#. 64. 
FAval's Ohooana et Bleoa, with Notes by 0. Sankey, MJL Fop. 8to. 3*. 64. 
Jenam*i Seatnoes far Translation into French. Gr. 8to. U. Key, it, 64. 
Prendeagast's Hastary Series, French. ISmo. 2«. 64. 
Soorestoe's Philosophe sons lee Toits, by Stidrenard. Sqaare 18ma U. 64. 
Btepfiag-StooM to Fkenoh Pronnnciatton. 18mo. It, 
Stttrenacd's Leotores Fran^aiaes from Modem Anthocs. ISmo. i«. 64 . 

— Bolea and Bxerdses on the French Language. ISmo. Zt, 64. 

Tamf^a Iton Fnooh Grammar. ISmo. 6«. 64. 



French Tranriatton-Book, 84. 
Baay Franofa IMleotas, 84. 
Fbst FrsBoh B«Mkr, 84. 
Second French Beadar, 84. 
French and BngUsh Dialognea, 84. 



THE GERMAN LANGUAGE. 

BlaoUqr'e Pnwtteal German and BngUsh Dictionary. Post 8yo. li. 64. 
Bnohheim*8 Gknn«n Poetry; for BepetitLon. ISmo. 1«. 64. 
OoUis's Oard of Qennan Irregnlar 7erfo8. 8to. S«. 
Flaohflr-FlaQhartrBBIauestaty Gennanaiammar. Fep. Oro. Sc 64. 
Jnsf s German Grammar. ISmo. It, 64. 

-^ Qerman Beading Book. ISmo. Si; 64. 
LongmMi'a Fookat German and Bnglish Dictionary. Square 18ma Sf . 64. 
Naftel*s Elementary German Ckmrae for Pnblio Schoola. Fop. 8vo. 



Oennaa AoddenoB. 14. 
German Syntax. 1 94. 
Flzat Qeman lfc E cr ci»-Book. 94. 
Beeond Germea BKeraiee*Book. 94. 

Fnndergaafs Mastery Series, German. ISmo. S«. 64. 

Qoiak'a BBMntialH of German, down 8to. Zt, 64. 

SeWs School Bditlon of GoeUiars Fanst. Grown 8vo. Bt, 

— Outline of German Literature. Grown 8to. 4t, 64. 

Wlrth's Gecmsn Ohit-Ohafc. Olrown 8^. S«. 64. 



German Prose Oomposition Book. 94L 
First German Beader. 9d. 
Seoond German Beadsr. 94. 
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